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TROPICAL GLUING FORMULAE FOR GROMOV–WITTEN
INVARIANTS
BRETT PARKER
Abstract. We prove two tropical gluing formulae for Gromov–Witten invari-
ants of exploded manifolds, useful for calculating Gromov–Witten invariants of
a symplectic manifold using a normal-crossing degeneration. The first formula
generalizes the symplectic-sum formula for Gromov–Witten invariants. The
second formula is stronger, and also generalizes Kontsevich and Manin’s split-
ting and genus-reduction axioms. Both tropical gluing formulae have versions
incorporating gravitational descendants.
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2 BRETT PARKER
1. Introduction
This paper explains the following tropical gluing formulae for Gromov–Witten
invariants.
(1) ηˇ|γ =
kγ
|Aut γ| i
[γ]
! ∆
∗∏
v
η[γv]
(2) µˇ|γ =
1
|Aut γ|I
[γ]
! ∆
∗∏
v
µ[γv ]
On the left, η and µ represent Gromov–Witten invariants. In the case of of a com-
pact symplectic manifold B, η and µ encode the usual Gromov–Witten invariants
obtained using evaluation of curves with n marked points to Bn and Bn × M¯g,n
respectively. The notation |ˇγ indicates the contribution of a tropical curve γ to
these invariants. On the right, η[γv ] and µ[γv] indicate relative1 Gromov–Witten
invariants associated to vertices v of γ, and the remaining terms are elementary in-
structions for combining these relative invariants to compute η and µ. The relative
invariants themselves are subject to the same gluing formulae, which often suffice
to determine them; see for example [18, 26].
Formula (1) generalizes the symplectic-sum formula for Gromov–Witten invari-
ants, [11, 6, 10], to normal-crossing or log-smooth degenerations, and symplectic
analogues;2 see [16] for an exposition of the simplest generalization — the case of a
triple-product. Formula (2) also gives a degeneration formula for Gromov–Witten
invariants in these situations, but includes the contribution of cohomology classes
from Deligne-Mumford space; without applying any degeneration, it specializes to
Kontsevich and Mannin’s splitting and genus-reduction axioms for Gromov–Witten
invariants of symplectic manifolds. We also prove a version of each formula incorpo-
rating gravitational descendants, the contribution of Chern classes of tautological
line-bundles over the moduli stack of curves.
This paper’s action takes place within the category of exploded manifolds;3 our
results apply to compact symplectic manifolds using degeneration. We can explode
any normal-crossing degeneration of a symplectic manifold B to produce a smooth
family of exploded manifolds; smooth fibers of the original degeneration are un-
changed, but the singular fiber is replaced with a family of exploded manifolds.
Gromov–Witten invariants do not change in families of exploded manifolds, so the
Gromov–Witten invariants of B can be computed using any other fiber, and it is
convenient to use one of the fibers B replacing the singular fiber. For examples, see
[26, 16, 18].
Let us explain the tropical curves γ appearing in our gluing formulae, (1) and
(2). Each exploded manifold B has a tropical part, B, consisting of a complex of
integral-affine polytopes. For example, if B arises as a fiber of a normal-crossing
degeneration with singular fiber B′, B will be the dual complex of simplices with a
vertex for each component of B′, and a n–simplex for every intersection of (n+ 1)
components. Each curve in B is a map f : C −→ B which itself has a tropical
1These relative invariants are defined using exploded manifolds, however they are roughly
equivalent to Ionel’s relative invariants from [5], and in the algebraic setting are equivalent to log
Gromov–Witten invariants, [4, 2, 1].
2For an appropriate symplectic analogue of normal-crossing divisors, see [14], and for a sym-
plectic analogue of a normal-crossing degeneration, see [13].
3See [21] or [17] for an introduction to exploded manifolds. In the algebraic setting, using
exploded manifolds is almost equivalent to using log schemes, and equivalent gluing formulae
should be provable entirely within the framework of log schemes. For construction of log Gromov–
Witten invariants, see [4, 2, 1]. See [22] for a log-exploded dictionary.
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part, f : C −→ B, where C is a graph with a complete integral-affine structure on
its edges, and f is integral-affine. A tropical curve γ in B is such an integral-affine
map from a complete integral-affine graph.
All exploded manifolds B also have a smooth part, dBe consisting of a complex
of smooth manifolds. In the above case, dBe is isomorphic to the singular fiber B′,
and dfe : dCe −→ dBe is a holomorphic curve in B′, with a component for each
vertex of C, a node for each internal edge of C, and a marked point corresponding
to each end of C (isomorphic to [0,∞)). Although the reader might intuitively
think in terms of these smooth parts, consideration of the extra tropical structure
is essential for correct gluing and degeneration formulae.
Gromov–Witten invariants of B decompose into a sum of (virtual) contributions
of tropical curves γ, or rather the holomorphic curves with tropical part isomorphic
to γ. Our gluing formulae compute this contribution of γ in terms of relative
invariants, η[γv] and µ[γv]. These relative invariants are Gromov–Witten invariants
of an exploded manifold B|ˇv created by completing the stratum of B containing v
using the tropical completion described in section 7 of [25]. In the case that dBe
is the degenerate fiber of a normal-crossing degeneration and v is in a corner of
B, the corresponding stratum of dBe is a manifold with a normal-crossing divisor,
and B|ˇv is the explosion4 of this stratum. Our relative invariants η[γv ] and µ[γv ] are
Gromov–Witten invariants of this stratum relative to its normal-crossing divisor.
If v is in a k–dimensional stratum of B, B|ˇv is a k–complex-dimensional bundle
over the corresponding k–fold intersection of components of dBe, related to the
‘rubber components’ or ‘expansions’ that appear in [11, 6, 10]. The Gromov–Witten
invariants of such ‘expansions’ are not important for the symplectic-sum formula,
but are critical for its correct generalization; for simple examples in the case of a
triple-product, see [16].
Let us describe our Gromov–Witten invariant η.
η := ev!(q
E~2g−2+n)
Above, q and ~ are dummy variables whose exponents record the symplectic energy
E, and Euler characteristic, 2g − 2 + n, of curves, and ev! indicates pushforward5
from the virtual fundamental class6 using the evaluation map,
ev : Mst· (B) −→
∐
n
(End B)n
constructed in section 3. The notation Mst· (B) indicates a moduli stack of (not-
necessarily holomorphic) stable curves in B with labeled ends7. When B is bounded,
End B = B, and our evaluation map ev simply records the location of ends/punctures
of curves. When B is the explosion of a manifold with a smooth divisor D, End B
is the disjoint union of B with a copy of D for each positive integer ‘contact order’.8
The evaluation map at an end/puncture lands in B or the appropriate copy of D,
depending on the contact order at that end. In more general cases,9 End B records
4See [21],[17], or [22] for an exposition of the explosion functor.
5See [25], section 5.3, for pushforwards from the virtual fundamental class.
6See [23] for the construction of an embedded Kuranishi structure for the moduli stack of
holomorphic curves, and [25] for the construction of the virtual fundamental class using this
embedded Kuranishi structure.
7An end of an (exploded) holomorphic curve C corresponds to an end, or infinite edge, of its
underlying tropical curve C. Ends correspond to marked points of the underlying nodal curve
dCe.
8The tropical part of B in this case is a half-line, as is the tropical part of each end of a curve.
The smooth part of a curve in B has contact order k with D at an end if the derivative of its
tropical part at that end is k.
9The evaluation map ev is described precisely in section 3.
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the possible positions of the ends of curves in B, and is the disjoint union of B with
exploded manifolds of real-dimension 2 lower than B.
The relative invariant η[γv ] appearing in our gluing formula (1) is the restriction
of the corresponding invariant η of B|ˇv to the connected component
End[γv ] B|ˇv ⊂
∐
n
(End B|ˇv)n
containing the image of curves in B|ˇv with tropical part γv, where γv is a tropical
curve in B|ˇv with a single vertex, and edges created by infinitely lengthening all
edges of γ leaving v. Alternatively, we may define
η[γv] := ev
[γv ]
! (q
E~2g−2+n)
where
ev[γv ] : Mst[γv ](B|ˇv) −→ End[γv ](B|ˇv)
is our evaluation map ev restricted to the moduli stack Mst[γv](B|ˇv) ⊂ Mst· (B|ˇv)
of curves in B|ˇv with ends labelled by the ends of γv, and having derivatives10 at
these ends equal to the derivatives of the ends of γv.
Suppose that γ has n ends. To write our gluing formula, the relationship between
(End B)n and End[γv] B|ˇv is encapsulated in the following maps, explained in section
3. ∏
v End
[γv](B|ˇv) Y (End B)n |ˇevγ∆
i[γ]
Each internal edge of γ corresponds to two ends of
∐
v γv. The corresponding two
connected components of
∐
v End(B|ˇv) are naturally isomorphic, and the map ∆ is
the inclusion of the diagonal subset of
∏
v End
[γv ](B|ˇv) using these isomorphism for
each internal edge of γ. The map i[γ] is a projection which forgets the information
from each of these internal edges. In particular, each of the n ends of γ corre-
sponds to a unique end of
∐
v γv, and the connected component of (
∐
v End(B|ˇv))n
recording the position of these n ends is naturally isomorphic to (End B)n |ˇevγ , the
tropical completion of (End B)n at the image of curves with tropical part γ. Our
map i[γ] is the projection which forgets the factors recording the position of internal
edges, followed by this natural isomorphism.
Our first gluing formula
ηˇ|γ =
kγ
|Aut γ| i
[γ]
! ∆
∗∏
v
η[γv]
contains two combinatorial factors we have yet to explain. The constant kγ is the
product of the multiplicities me of the internal edges of γ, where each internal edge
of γ has derivative an integral-vector equal to me times a primitive integral-vector.
This factor of kγ arrises because our gluing formula follows from a natural fiber-
product diagram involving not the exploded manifold End B, but a corresponding
stack E B that is the quotient of End B by a trivial group action, Zme on the
component corresponding to an edge of multiplicity me > 0, and the infinite group
T on the component corresponding to an edge of multiplicity 0. Our formula also
requires division by the size of the automorphism group,11 Aut γ, of the tropical
10If f is a curve in B|ˇv , and B|ˇv is the explosion of a manifold with normal-crossing divisor D,
the derivative of an end of f is an integral-vector whose components correspond to contact orders
of dfe with components of D.
11We only use automorphisms of γ that fix ends, because we have labeled ends of curves by
working with Mst· .
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curve γ, because the natural fiber-product diagram we use involves labelling edges
of curves by the edges of γ.
We also prove a related gluing formula that includes gravitational descendants.
Suppose that W is a tautological vectorbundle over Mst· (B), so W is a product
of tautological line-bundles corresponding to the ends of curves. Let Wv be the
corresponding tautological vectorbundle over Mst[γv ](B|ˇv), remembering that some
ends of curves in Mst[γv] correspond naturally to ends of curves in Mst· . Define
η(W ) := ev!(q
E~2g−2+nc(W ))
η[γv](Wv) := ev
[γv]
! (q
E~2g−2+nc(Wv))
using the pushforward of top Chern-classes c(W ) and c(Wv) defined in [25], Remark
5.2. These Gromov–Witten invariants satisfy the following modified version of (1).
η(W )ˇ|γ =
kγ
|Aut γ| i
[γ]
! ∆
∗∏
v
η[γv ](Wv)
Let us consider the elements of our gluing formula in a quick example, discussed
in section 8 of [16]. Degenerate CP 2 into three components Mi isomorphic to CP 2
blown up at 1 point, as pictured in the toric moment-map diagram below.
M1
M2
M3
The picture below is the image of a tropical curve γ in the tropical part B of
an exploded manifold B with smooth part fiber pictured above. The little number
at a vertex in the corner denotes the number of ends of γ attached to that vertex,
because all these ends are sent to a point in B.
(1, 1)
( 2, 1)
( 1, 2)
3 3
2
Let us consider η[γv] for the above tropical curve. For v0 the central vertex,
B|ˇv0 is an exploded manifold T2, analogous to (C∗)2. The relevant components of
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End(T2) for our evaluation map are the quotient of T2 by the T–actions of weight
(−1,−1), (2,−1), and (−1, 2) respectively, each isomorphic to T. For this vertex,
η[γv0 ] = ~θ0, where θ0 is the Poincare dual to the product of the three quotient
maps T2 −→ T3.
For vi the remaining vertices, η
[γvi ] is a Gromov–Witten invariant of curves in
the explosion of Mi relative to Mi ∩Mj and Mi ∩Mk. Curves with tropical part
γvi correspond to curves in Mi with one special point sent to M1 ∩ M2 ∩ M3,
having contact order 1 with each divisor, and two or three other special points
not contacting any divisor. Evaluation at these points is into T, and ExplMi
respectively. Our remaining η[γvi ] are as follows:
• η[γv3 ] = ~q2E31+E32 in the 0–dimensional cohomology of (ExplM3)2 × T,
where Eij is the symplectic area of Mi ∩Mj .
• η[γv1 ] = ~2qE13+2E12θ1, where θ1 ∈ rH2((ExplM1)3×T) has integral 1 over
the homology class represented by T.12
• Similar to the case of v1, η[γv2 ] = ~2qE21+2E23θ2, where θ2 ∈ rH2((ExplM2)3×
T) has integral 1 over the homology class represented by T.
Our gluing formula uses
(ExplM1)
3 × (ExplM2)3 × (ExplM3)2
(ExplM1)
3 × (ExplM2)3 × (ExplM3)2 ×T3
(ExplM1)
3 × (ExplM2)3 × (ExplM3)2 ×T6
i[γ]
∆
and reads
ηˇ|γ = ~6q2(E12+E23+E31)i[γ]! ∆∗(θ1 ∧ θ2 ∧ θ0) .
As both T3 and θ1∧θ2∧θ0 are 6–dimensional, ηˇ|γ is 0–dimensional, so it suffices to
evaluate it at a point. This evaluation amounts to the integral of θ′1 ∧ θ′2 ∧ θ0 over
T3, where θ′i is the pullback of the generator of the top-dimensional cohomology
on the ith T–factor of T3. This integral is 3, so ηˇ|γ = 3~6q2(E12+E23+E31).
In terms of counting curves, this statement translates to there being 3 rigid
curves in B with tropical part γ and the 8 ends constrained to chosen points in
Mi. Moreover these curves have genus 0 and symplectic energy 2(E12 +E23 +E31),
so they are degree 2. These are not all the curves in B with ends constrained to
these points in Mi — there are 9 other rigid curves with different tropical parts, as
explained in section 8 of [16].
Let us briefly discuss the Gromov–Witten invariant µ starring in our second
gluing formula, (2). This invariant uses an enhanced evaluation map
EV : Mst· (B) −→ X (B) =
∐
g,n
Xg,n(B)
discussed in section 5, where for 2g +−2 + n > 0,
Xg,n(B) =Mstg,n(pt)×·/Tn (E B)n
12The notation rH∗ indicates we are using refined cohomology, from section 9 of [19].
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and E B is the natural stack used to prove gluing formula (1), and Mstg,n(pt) is
the moduli stack of stable curves mapping to a point.13 EV is induced from an
evaluation map ev to (E B)n and a stabilization map ev0 to Mstg,n constructed in
section 4.1 of [23]. In the case that B is bounded Xg,n = Mstg,n(pt) × Bn and
EV is ev0 × ev. In the case that B is the explosion of a manifold with a smooth
divisor D, the connected component of Xg,n containing the image of a curve with
n2 points contacting the divisor, and n1 ordinary points is a T
n2–bundle over
Bn1 ×Dn2 ×Mg,n. The precise constructions of EV and Xg,n for all (g, n) appear
in section 5.
Our Gromov–Witten invariant µ no longer needs the exponent of ~ to keep track
of Euler class, and is defined
µ := EV!(q
E)
or, in the case of a descendant invariant associated to a complex vectorbundle W ,
µ(W ) := EV!(q
Ec(W )) .
The relative invariant µ[γv ] is again the restriction of the corresponding invariant µ
for B|ˇv to the connected components
X [γv](B|ˇv) ⊂ X (B|ˇv)
containing the image of curves with tropical part γv. Our second gluing formula
uses maps ∏
v X [γv ](B|ˇv) Y′ X (B)ˇ|EV γ∆
I[γ]
similar to those that appear in our first gluing formula. It reads
µˇ|γ =
1
|Aut γ|I
[γ]
! ∆
∗(
∏
v
µ[γv ])
and in the case of descendant invariants using a tautological vectorbundle W on
Mst(B) corresponding to tautological vectorbundles Wv on Mst[γv ](B|ˇv), it reads
µ(W )ˇ|γ =
1
|Aut γ|I
[γ]
! ∆
∗(
∏
v
µ[γv ](Wv)) .
1.1. Technical assumptions. Throughout, we shall assume that B is a smooth,
complete, exploded manifold with a taming form ω, and a ∂¯–log compatible almost-
complex structure J tamed by ω.14 We shall also assume that the tropical part of B
admits an affine immersion into some Rn so that [24] establishes the compactness of
the moduli stack of holomorphic curves with bounded energy and genus that map
to a connected component of
∐
n End B. This assumption implies that B is basic.
Under these assumptions, [20, 23] constructs an embedded Kuranishi structure
on the moduli stack of curves in B. This Kuranishi structure is stronger than many
other comparable constructions [3, 12, 7, 15] because it comes naturally embedded in
a moduli stackMst(B) of smooth, stable, not necessarily holomorphic curves. The
virtual fundamental class of the moduli stack of holomorphic curves is constructed
in [25], where we also see how to integrate differential forms over this virtual class,
and push forward differential forms over evaluation maps.
13Mstg,n(pt) is constructed in section 4.1 of [23]. This moduli stack is an exploded orbifold,
and the explosion of Deligne-Mumford space relative to its boundary.
14For definitions of exploded manifolds and concepts such as basic and complete, see [21].
Taming forms are discussed in [24], section 2, and ∂¯–log compatible almost complex structures
are discussed in section 3, where it is shown that the set of such almost complex structures tamed
by ω is nonempty and contractible.
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1.2. Outline of paper. Our gluing formulae follow from a natural fiber-product
diagram
(3)
Mst[γ]+
∏
e B¯e
∏
vMst[γ+v ]
∏
e B¯
2
e
cut ∆
discussed in Theorem 2.5. At the top left of the above diagram is a moduli stack of
curves decorated by a tropical curve γ, and with an extra choice of point for each
edge of γ. The downward arrow on the left cuts each such curve at the extra points
to obtain cut-curves, and the right-pointing arrows indicate evaluation at those
extra points on internal edges, and their cut analogues beneath. This fiber-product
diagram, cut-curves and γ–decorated curves are the subject of section 2.
Diagram (3) does not immediately imply our gluing formulae. Because of the
extra choice of points, the stacks Mst[γ]+ and Mst[γ+v ] are bundles over the actual
stacksMst[γ] andMst[γv] we need for our gluing formulae. To ‘forget the extra choice
of points’ we consider a groupoid with objects parametrized byMst[γ]+ , and quotient
stackMst[γ]. We show, in Proposition 3.6, that a diagram of groupoids analogous to
(3) is also fiber-product diagram, however passing to quotient stacks does not quite
give a fiber-product diagram. This technical hurdle is overcome using the tool of
tropical completion in Lemma 4.4, after which our gluing formulae follow quickly
from the machinery in [23, 25].
Section 3 constructs the evaluation map ev relevant for our first gluing formula.
To relate to our natural fiber product diagram (3), we also construct an evaluation
map e˜v on the level of groupoids, inducing a natural evaluation map ev on the level of
quotient stacks. Section 4 contains the proof of our first gluing formula, which is the
result of Theorem 4.8 and Lemma 4.9. In section 5, we enhance our evaluation maps
ev and e˜v to obtain evaluation maps EV and E˜V that include information about
the complex structure of the domain of curves. We then prove our second gluing
formula, in Theorem 5.2 and Lemma 5.3. Section 5 concludes with an example
showing how Kontsevich and Mannin’s splitting and genus-reduction axioms follow
from our second gluing formula. The final section of this paper sketches how to
extend our gluing formulae to keep track of more topological information, as, for
example, is done in [6] using rim tori.
2. Gluing cut-curves
In this section, we define various moduli stacks of (not-necessarily holomorphic)
curves, including curves decorated by a tropical curve γ, and cut-curves. The sec-
tion concludes with Theorem 2.5, which concerns a natural fiber-product diagram
produced by gluing cut-curves back together. This theorem will be key for proving
our tropical gluing formulae.
2.1. The moduli stack of γ–decorated curves.
Use the notation Mst• B for a moduli stack of stable, (not necessarily holomor-
phic) decorated15 curves in B, where the • indicates some unspecified decoration.
We shall also have use for possibly unstable curves. Use M∞,1• B for the moduli
stack of (not necessarily stable or holomorphic) decorated curves in B.16 We shall
use M•• in statements that hold for both Mst• and M∞,1• .
15We use decorated moduli stack in the sense of Definition 2.12 of [23].
16The notation M∞,1 indicates that we are working with exploded manifolds and maps of
regularity C∞,1, which is as good as smooth for all practical purposes.
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Let γ be a tropical curve in B. Let M•γ indicate the moduli stack of curves
within M• with a chosen isomorphism of their tropical part to γ. Below we shall
define a decorated moduli stack M•[γ] that is a kind of closure of M•γ . Loosely,
M•[γ] is the closure of M•γ in the moduli stack of curves f in B with tropical part
suitably labeled by γ.
Definition 2.1 (γ–decoration). A γ–decorated tropical curve is a tropical curve in
B with a continuous affine map of its domain to the domain of γ so that this map
is a homeomorphism restricted to the inverse image of the interior of all edges of
γ and is an integral-affine isomorphism restricted to all exterior edges.
Define a γ–decorated curve to be a curve with a γ–decorated tropical part. Con-
sider the stack of γ–decorated curves, with objects C∞,1 families of curves fˆ ∈
M•· (B) with an affine map of C(fˆ) to the domain of γ that makes each individual
curve a γ–decorated curve. M•γ is a substack of this stack of γ–decorated curves.
Define M•[γ] to be the closure of M•γ in this stack of γ–decorated curves.
To prove our gluing formula, we consider the following bundle over M•[γ].
Definition 2.2. Define M•[γ]+ to be the stack of curves in M•[γ] with an additional
choice of point in each edge labeled by an edge of γ. So, a family in M•[γ]+ is a
family fˆ in M•[γ], along with, for each edge e of γ, a C∞,1 section
se : F(fˆ) −→ C(fˆ)
with image contained in the edge labeled by e.
Composing se with fˆ defines a C
∞,1 evaluation map
eve : M•[γ]+ −→ B
Let B¯e indicate the closure of the strata of B with tropical part containing the
edge e. The evaluation map eve always lands in B¯e.
eve : M•[γ]+ −→ B¯e
This stack M•[γ]+ is a bundle over M•[γ]. In particular, given any family fˆ in
M•[γ], the pullback of fˆ to M•[γ]+ is a family fˆ+ constructed as follows: Let Ce(fˆ)
indicate the strata of C(fˆ) decorated by e. The domain F(fˆ+) is the fiber-product
of all these Ce(fˆ) over F(fˆ), the family fˆ
+ is the pullback of fˆ under the map
F(fˆ+) −→ F(fˆ), and se is given by the canonical map F(fˆ+) −→ Ce(fˆ).
The family fˆ+ is the pullback of fˆ to M•[γ]+ in the sense that it satisfies the
following universal condition. Let pi : M•[γ]+ −→M•[γ] indicate the map that forgets
the extra sections se. Given any family gˆ in M•[γ]+ and a map pi(gˆ) −→ fˆ , there
exists a unique lift of this map making the diagram below commute.17
(4)
gˆ fˆ+
pi(gˆ) pi(fˆ+)
fˆ
∃!
pi pi
Both Ce(fˆ) and B¯e have a (not everywhere defined) action of T so that eve is
equivariant. In section 3, we encode this action as a groupoid structure on Ce(fˆ)
17 Unlike the other arrows in the above diagram, the arrows pi are not maps of families of
curves.
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and B¯e, and extend eve to a map of groupoids. Taking quotients will then define
an evaluation map from M•[γ] instead of M•[γ]+ .
2.2. Cut-curves. The goal of this section is to prove thatM•[γ]+ is a fiber-product
of some moduli stacks of cut-curves. For this, we shall be assuming that the domain
of γ is connected, and not R — in this exceptional case, M•[γ] is easily studied
directly. We can cut any curve in M•[γ]+ at the extra points on its edges to obtain
cut-curves. Cut-curves were defined in [22] omitting the definition of a family of
cut-curves, given below.
Definition 2.3. A family of cut-curves over an exploded manifold F is
(1) an abstract exploded space18 C with a map of abstract exploded spaces C −→
F,
(2) some number of sections se : F −→ C called cuts so that C minus the image
of these sections is an exploded manifold,
(3) a fiberwise almost complex structure j on C minus all cuts,
so that the above data is the result of trimming some family of curves (C′, j) over
F at sections se : F −→ C′ with image in distinct ends of curves in C′; here
‘trimming’ means that the above data is the restriction of (C′, j, {se}) to the subset
of C′ consisting of the image of the sections se and all points in C′ that have tropical
part not as far out on any edge as the tropical part of the image of se.
A family of (holomorphic) cut-curves in B is a (fiberwise holomorphic) map
C −→ B.
Although the domain of a cut-curve is the result of trimming some honest curve,
it is not true that every cut-curve in B can be obtained by trimming a curve in B;
this is the case if and only if all the cut edges of the corresponding tropical curve
extend semi-infinitely in B.
Each cut-curve f in B has a tropical part f with special 1–valent vertices at the
cuts. Call such a tropical curve a cut tropical curve. We may define a moduli space
M•[γ] of γ–decorated cut-curves as in Definition 2.1.
Given a tropical curve γ with a choice of point on each edge, we can obtain a
(possibly disconnected) cut tropical curve by cutting γ at these chosen points, and
discarding19 cut edges not attached to a vertex v. This cut-curve will have one
connected component γ+v for each vertex v of γ, so we can write this cut-curve as∐
v γ
+
v .
Lemma 2.4. There exists a map of stacks
cut : M•[γ]+ −→
∏
v
M•
[γ+v ]
.
In particular, given a family of curves fˆ in M•[γ]+ , there exists a family of curves
cut fˆ in
∏
vM•[γ+v ] and a morphism C(cut fˆ) −→ C(fˆ) so that the following diagram
18 See [21], Definition 3.1. An abstract exploded space is a topological space with a sheaf
of C∗tR–valued functions. One way of defining an abstract exploded space is as a subset of an
exploded manifold B given the subspace topology and the pullback of the sheaf of functions
E×(B).
19In our neglected exceptional case that the domain of γ is R, this cutting process would
discard everything.
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commutes
C(cut fˆ) C(fˆ) B
F(cut fˆ) F(fˆ)
cut fˆ
fˆ
∼=
sei se
where each internal edge e of γ corresponds to two cut edges, e1 and e2, of
∐
v γv,
(and an end of γ corresponds to a unique cut edge of
∐
v γv). Moreover, any
morphism x : C(cut fˆ) −→ A is the pullback of a morphism x′ : C(fˆ) −→ A if and
only if for all internal edges e of γ, x ◦ e1 = x ◦ e2 and the derivative of x along
the edges ei is opposite, and for all ends of γ, x is infinitely extendible along the
corresponding edge of
∐
v γv.
Proof:
The idea is to cut our family fˆ at the sections se : F(fˆ) −→ C(fˆ) to obtain a
family of cut-curves (still parametrized by F(fˆ)) with one connected component fˆv
in M•
[γ+v ]
for each vertex v of γ.
If there are no loops attached to v, we can define C(fˆv) as a subset of C(fˆ)
with the induced exploded structure. Namely, C(fˆv) is the union of the image of
the sections se : F(fˆ) −→ C(fˆ) for all edges e adjacent to v, and all points in C
with tropical part fiberwise closer to v than these sections. It is easily checked that
C(fˆv) −→ F(fˆ) along with these sections se, and the restriction of fˆ to C(fˆv) is a
family of cut-curves. The above procedure fails in the case that there is an edge e
with two ends attached to v, as we need to break apart the two halves of this edge.
In the general case, define the set C(fˆv) as the union of a copy of F for each
oriented edge leaving v with the subset of C(fˆ) with tropical part sent closer to v
than se. C(fˆv) comes with a natural map to C(fˆ) which is the identity inclusion
on the main part, and se on each copy of F corresponding to an edge e.
Before continuing with the description of C(fˆv), consider the case of an individual
curve f in fˆ . The γ–decoration gives a map C(f) −→ γ, and the image of se under
this map is sent to a point on the edge e. Cut γ at these points, and consider the
connected component γ+v containing v. As a set, C(fv) is the inverse image of the
interior of γ+v with a point for each oriented edge leaving v; the identity inclusion
together with the maps se defines a natural map C(fv) −→ C(f) that is injective
everywhere apart from the extra points corresponding to an edge e with both ends
attached to v. With this understood, we could equivalently define C(fˆv) as the
union of C(fv) for all f in v. Note that C(fv) comes with a surjective map to γ
+
v
so that the following diagram commutes.
C(fv) C(f)
γ+v γ
The point corresponding to an oriented edge leaving e is sent to the cut endpoint
of that edge in γ+v , and elsewhere, the map C(fv) −→ γ+ is uniquely determined
by the above diagram. The topology on C(fv) is the topology generated by the
inverse image of open sets from C(f), and the inverse image of the closure of any
edge of γ+v .
We can describe the topology on C(fˆv) similarly. For other curves f in fˆ , the
corresponding γ+v may have different edge lengths, however there is a canonical
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piecewise-linear isomorphism between all these γ+v , so we obtain a γ
+
v –decoration
map C(fˆv) −→ γ+v . The topology on C(fˆv) is the topology generated by the inverse
image of open subsets of C(fˆ) and the inverse image of the closure of any edge in
γ+v . With this topology, we can define the sheaf of exploded functions as follows:
for any open subset U small enough that its closure only intersects (the inverse
image of) one edge of γ+v , the exploded functions are the C∗tR–valued functions
pulled back from exploded functions from C(fˆ) defined some open neighborhood
of the image of U .
Note that as exploded functions on C(fˆv) are locally the pullback of exploded
functions on C, any morphism x : C(cut fˆ) −→ A is the pullback of a morphism
x′ : C(fˆ) −→ A if and only if for all internal edges e of γ, x ◦ e1 = x ◦ e2 and the
derivative of x along the edges ei is opposite, and for all ends of γ, x is infinitely
extendible along the corresponding edge of
∐
v γv.
With this definition, it is clear that C(fˆv) −→ C(fˆ) is a morphism of abstract
exploded manifolds, and that this construction is functorial: given any morphism
gˆ −→ fˆ inM•[γ], there is a unique morphism C(gˆv) −→ C(fˆv) so that the following
diagram commutes.
C(gˆv) C(fˆv)
C(gˆ) C(fˆ)
For each oriented edge e of γ+v , there is a unique map (of sets)
se : F(fˆv) := F(fˆ) −→ C(fˆv)
that is a section of C(fˆv) −→ F(fˆv) with image in the inverse image of the cut
end of e in γ+v . The fact that the diagram below commutes implies that se is a
morphism of abstract exploded manifolds; these morphisms se define the cuts of
our family of cut-curves.
C(fˆv) C(fˆ)
F(fˆv) F(fˆ)
se se
The rest of the data for defining fˆv as a family of cut-curves is the fiberwise almost
complex structure pulled back from C(fˆ), and the map fˆv : C(fˆv) −→ B that is
the pullback of fˆ : C(fˆ) −→ B. With this definition it is easy to verify that given
any morphism gˆ −→ fˆ in M•[γ], the unique maps C(gˆv) −→ C(fˆv) above indeed
define a unique morphism cut gˆ −→ cut fˆ compatible with all this structure, so our
construction is functorial. With the functoriality of the construction understood,
it is also easy to verify locally that the resulting fˆv is indeed a family of cut-curves
in M•[γ+] satisfying Definition 2.3.
We have therefore defined a map of stacks,
cut : M•[γ]+(B) −→
∏
v
M•
[γ+v ]
(B)
where cut(fˆ) :=
∐
v fˆv, the (possibly disconnected) family of cut-curves parametrized
by F(fˆ) with domain
∐
v C(fˆv).

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For the following theorem, use the notation iedγ for the set of internal edges of
γ. For each e ∈ iedγ, there are two corresponding cut edges e1, e2 of
∐
v γ
+
v where
we can define evaluation maps evei .
Theorem 2.5. The following is a fiber-product diagram.
M•[γ]+
∏
e B¯e
∏
vM•[γ+v ]
∏
e B¯
2
e
cut
∏
e∈iedγ eve
∆∏
e∈iedγ(eve1 ,eve2 )
More precisely, given any family of cut-curves fˆ in
∏
vM•[γ+v ] so that for all
internal edges e of γ, eve1 = eve2 on fˆ , there exists a family cut
∗ fˆ in M•[γ]+
with an isomorphism cut(cut∗ fˆ) −→ fˆ . This family cut∗ fˆ satisfies the universal
property that given any other family of curves gˆ in M•[γ]+ with a map cut gˆ −→ fˆ ,
there exists a unique map gˆ −→ cut∗ fˆ so that the following diagram commutes:
gˆ cut∗ fˆ
cut gˆ cut(cut∗ fˆ)
fˆ
∃!
cut cut
'
Proof:
The family cut∗ fˆ is constructed by gluing together fˆ at the matching cuts se1
and se2 . One way to describe C(cut
∗ fˆ) is as follows:
• The set of points in C(cut∗ fˆ) is the union of C(fˆ) \ (⋃ei sei(F(fˆ))) with
C∗ × F(fˆ) for each internal edge e, and C∗t[0,∞) × F(fˆ) for each end of γ.
Write these extra points (c, p) as c ∗ se(p).
There is a canonical map C(fˆ) −→ C(cut∗ fˆ): this map is the identity
on C(cut∗ fˆ) minus all cuts, and sei(p) 7→ 1 ∗ se(p) on cuts.
• C(cut∗ fˆ) has the following topology: The open subsets U ⊂ C(cut∗ fˆ)
have open inverse image in C(fˆ) and satisfy the additional conditions that
c ∗ se(p) ∈ U if and only if 1 ∗ se(p) ∈ U , and 1 ∗ se1(p) ∈ U if and only if
1 ∗ se2(p) ∈ U .
• The defining sheaf of exploded functions on C(cut∗ fˆ) is as follows. The
exploded functions x on U ⊂ C(cut∗ fˆ) are those that pull back to exploded
functions on C(fˆ), and satisfy the following addition conditions
– x ◦ se1 = x ◦ se2
– The derivative of x on the edges e1 and e2 is opposite — in other words,
if z˜i indicates standard coordinates on these edges, then z˜1
∂
∂z1
x = αx
and z˜2
∂
∂z2
x = −αx.
– If α indicates the derivative of x on the edge e, then
x(c ∗ se(p)) := cαx(sei(p)) .
The above implies that maps x from C(cut∗ fˆ) to any exploded manifold
canonically correspond to maps x from C(fˆ) so that x ◦ se1 = x ◦ se2 ,
the derivative of x on the edges e1 and e2 is opposite, and the remaining
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external edges of tropical curves in x can be extended to be semi-infinite. In
particular, the map C(fˆ) −→ F(fˆ) induces a map C(cut∗ fˆ) −→ F(fˆ) =
F(cut∗ fˆ). It also follows that the section se : F(cut∗ fˆ) −→ C(cut∗ fˆ)
pulls back exploded functions to exploded functions, so is a valid map of
exploded manifolds.
To see that the above defines an exploded manifold structure on C(cut∗ fˆ), it
suffices to check locally around the section se. We do this for e an internal edge,
the argument for an external edge is similar but easier. Around any point in F(fˆ)
there exists a coordinate chart U so that a neighborhood of sei(U) is isomorphic to
the result of trimming U ×T11 by sections sei : U −→ T11. Then, there is an open
neighborhood V of se(U) ⊂ C(cut∗ fˆ) with topology and exploded functions the
same as the following fiber-product:
V U ×T11 ×T11
U U ×T11
(u,z˜1,z˜2)→(u,z˜1z˜2)
se1se2
Therefore, C(cut∗ fˆ) as defined above really is an exploded manifold. The fiberwise
almost complex structure defining C(cut∗ fˆ) −→ F(cut∗ fˆ) as a family of curves is
induced from C(fˆ) −→ F(fˆ) so that the inclusion C(fˆ) −→ C(cut∗ fˆ) is fiberwise
holomorphic.
We have already assumed that fˆ : C(fˆ) −→ B satisfies the condition that fˆ ◦
se1 = fˆ◦se2 , so Lemma 2.4 implies that to verify that fˆ induces a map C(cut∗ fˆ) −→
B, it suffices to check that the derivatives of fˆ along the edges e1 and e2 are
opposite, and that the remaining external edges of the tropical curves in f extend
semi-infinitely. These conditions hold if fˆ is in
∏
vM•γ+v , and therefore hold for fˆ
in
∏
vM•[γ+v ], because
∏
vM•γ+v is dense in
∏
vM•[γ+v ]. Our map fˆ therefore induces
our map cut∗ fˆ .
C(fˆ) C(cut∗ fˆ) B
fˆ
cut∗ fˆ
Note that cut∗ fˆ consists of stable curves if and only if fˆ consists of stable curves.
There is a unique isomorphism cut(cut∗ fˆ) −→ fˆ compatible with our two canonical
maps C(fˆ) −→ C(cut∗ fˆ) and C(cut(cut∗ fˆ)) −→ C(cut∗ fˆ).
Now we check the claimed universal property of cut∗ fˆ . Given a family gˆ with
a map cut gˆ −→ fˆ in ∏vM•[γ+v ], the composition C(cut gˆ) −→ C(fˆ) −→ C(cut∗ fˆ)
satisfies the conditions from Lemma 2.4 to be the pullback of a map C(gˆ) −→
C(cut∗ fˆ). This map defines a unique map gˆ −→ cut∗ fˆ so that the required
diagram commutes.
gˆ cut∗ fˆ
cut gˆ cut(cut∗ fˆ)
fˆ
∃!
cut cut
'

The fiber-product diagram from Theorem 2.5 is equivariant with respect to some
(partially defined) actions of T corresponding to the extra choices of points on
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curves in M•[γ]+ and the length of cut edges in M•[γ+v ]. We shall formalize this in
the language of groupoids in the next section. For our gluing formula, and to define
evaluation maps from M•[γ] instead of M•[γ]+ , we must take the quotient by these
T actions.
3. The simple evaluation map
Each end of a curve C 6= T is isomorphic to T1(0,∞), however there is a C∗-fold
choice of isomorphism. The moduli stack of maps T1(0,∞) −→ B, identified up to
isomorphism, is not a nice stack, so we shall replace it with a better behaved stack
for defining our simple evaluation map. In particular, we throw away ‘tropical’
information by identifying two maps T1(0,∞) −→ B if they eventually coincide.
By doing so, we obtain a better behaved stack E B, which is a quotient of an
exploded manifold End B by some trivial group actions, and is an orbifold on most
components.
In what follows, we shall describe E B as the quotient stack of a Lie groupoid
E˜ B consisting of a collection of connected components of a Lie groupoid G(B) with
objects parametrized by the integral-vectors ZTB.
We shall need various partially defined T–actions, all in the form a ‘flow’ induced
by an integral vector. Recall, from Definition 6.8 of [21], that integral tangent vec-
tors ZTB ⊂ TB are vectors v so that vz˜ is an integer times z˜ for every (locally
defined) exploded function z˜. For example, in standard coordinates on T1[0,∞), the
integral-vectors consist of the zero-vector, and integer multiples of the real part of
z˜ ∂∂z˜ on the strata over (0,∞), where z˜ = 0. As a subset of the exploded mani-
fold TB, the set of integral tangent vectors inherits the structure of an exploded
manifold. For example ZTT1[0,∞) is isomorphic to the disjoint union of T
1
[0,∞) with
a copy of T1(0,∞) for every nonzero integer. There is a natural (not everywhere
defined) action of T on ZTB so that for any exploded function z˜,
(c ∗ v)z˜ = cz˜−1vz˜vz˜ .
There may be no vector c ∗ v satisfying the above conditions, in which case c ∗ v is
not defined. For example, if v is the real part of z˜ ∂∂z˜ over the point where z˜ = 1t
1,
c ∗ v is the same vector at the point z˜ = c × t1 so long as c > −1. For c ≤ −1,
c∗v is not defined. For c ∈ C∗ ⊂ T, this action is always defined, and et ∗ v can be
thought of as the result of flowing v for time t.
The above action defines a groupoid G(B) with objects G0(B) parametrized
by ZTB, and morphisms G1(B) parametrized by the set of (c, v) so that c ∗ v is
defined. We shall see that G1(B) inherits an exploded manifold structure as a
subset of T × G0(B). This groupoid is a nice Lie groupoid in the category of
exploded manifolds, with all structure maps morphisms in the category of exploded
manifolds. Moreover, G defines a functor from the category of exploded manifolds
to the category of such Lie groupoids.
To understand this functor G, consider G(TmP ). For each integral-vectorfield v on
P , there is a corresponding integral-vectorfield on the subset of TmP with tropical
part Pv the union of all strata of P tangent to v. Then
G0(TmP ) =
∐
v∈Zm
TmPv .
Morphisms in G(TmP ) always stay within these connected components, and G1(TmP )
is also a union of connected components indexed by integral-vectors v. Define
Pˆv ⊂ Pv × R to be
Pˆv := {(p, x) ∈ Pv × R so that p+ xv ∈ Pv} .
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The tropical part of G1(TmP ) is the disjoint union of these Pˆv.
G1(TmP ) =
∐
v∈Zm
Tm+1
Pˆv
There is a canonical inclusion of Pv into Pˆv as Pv × 0, corresponding to the ‘iden-
tity’ section id: TmPv −→ Tm+1Pˆv sending v ∈ T
m
Pv
to (v, 1t1). Pˆv comes with
two surjective integral-affine maps to Pv: the projection (p, x) 7→ p, and the map
(p, x) 7→ p + xv. These two maps are the tropical part of the two structure maps
s, t : G1 −→ G0.
s, t : Tm+1
Pˆv
−→ TmPv
s(v, c) := v
t(v, c) := c ∗ v
Put the analogous exploded manifold structure on G(Rn×TmP ) = Rn×G(TmP ). To
put an exploded manifold structure on G1(B), note that there is a natural projection
G0(B) −→ B, and that our action is always trivial on dZTBe, so s and t followed
by the smooth part of this projection define the same map G1(B) −→ dBe. Put
the pulled-back topology on G1(B), and then give G(B) over a coordinate chart
the exploded structure discussed above. This exploded structure on G(B) is well-
defined, and G defines a functor to the category of (exploded) Lie groupoids.
Remark 3.1. The functor G sends fiber-products to fiber-products.
G(A×C B) = G(A)×G(C) G(B)
The special case of A×B must be considered as the fiber-product over a point; G(pt)
is the groupoid with a single object, and morphisms parametrized by T.
If we consider G(B) as a stack BG(B) (in other words, replace G(B) by the quo-
tient stack classifying principle G(B)–bundles, as in Definition 3.17 of [9] translated
to the category of exploded manifolds), then the components of BG corresponding
to nonzero integral-vectors are orbifolds,20 and the components corresponding to
primitive integral-vectors are exploded manifolds. The remaining zero-vector com-
ponent is the quotient of B by the trivial T–action.
More explicitly, BG consists of the stack of bundles L −→ F along with maps of
groupoids,
L×F L G1
L G0
φ1
pi1 or pi2 s or t
φ0
so that the above diagrams are fiber-product diagrams. The above data defines an
object in BG, and a morphism is a commutative diagram
L1 L2
F1 F2
compatible with the maps into G.
For example, consider the component of BG(TmP ) corresponding to a nonzero
integral-vector v. The v–component of G0(TmP ) is TmPv . Each fiber of L −→ F must
be isomorphic to some T1(a,b), and the map φ0 to T
m
Pv
restricted to each fiber must
have tropical part with derivative v. Moreover, φ0 restricted to each fiber must be
20By an exploded orbifold, we mean a Deligne-Mumford stack in the category of exploded
manifolds
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complete. (The map φ1 is uniquely determined by φ0.) Let P/v be the image of Pv
under the projection with kernel spanned by v. There is a unique map F −→ Tm−1P/v
so that the following diagram commutes.
L TmPv
F Tm−1P/v
φ0
In the case that v is primitive, the above is a pullback diagram, and a family in
this component of BG(TmP ) parametrized by F is equivalent to a choice of such a
map F −→ Tm−1P/v . The universal family over such a component is the projection
TmPv −→ Tm−1P/v . If v is k times a primitive integral-vector, the v–component of
BG(TmP ) is the quotient of Tm−1P/v by the trivial Zk action. In this case, the universal
family over Tm−1P/v has tropical part a polytope P
′
v with a given integral-affine map
P ′v −→ Pv that stretches a primitive vector to v, and is an affine isomorphism with
determinant k. There is a corresponding degree-k map TmP ′v −→ TmPv that gives a
family
TmP ′v T
m
Pv
Tm−1P/v
with automorphism group Zk (multiplying fibers by kth roots of unity.) Given
any other family L in this component of BG(TmP ), there is a unique Zk–fold cover,
L×TmPv TmP ′v of L with a Zk–equivariant morphism to this family. Conversely, given
a Zk–fold cover Fˆ of F and a Zk–invariant map ψ : Fˆ −→ Tm−1P/v , we can construct
a family parametrized by F in this component of BG(TmP ) by taking the pullback
of the above family by ψ, then taking the quotient by the Zk–action. In summary,
this v–component of BG(TmP ) is the quotient of Tm−1P/v by the trivial Zk–action, and
the pullback of the universal family to Tm−1P/v is the family displayed above.
Below, we shall often restrict interest to components of G(B) corresponding to
vectors that span infinite rays in B. We shall use the notation E˜(B) for these
components of G(B), and E(B) for the quotient stack of E˜(B). The following
lemma establishes that E(B) is complete if B is complete; the same fails to hold
for BG(B) in general.
Lemma 3.2. If P is complete, and v spans an infinite ray in P , then P/v is
complete.
Proof: As P is complete, it is a subset of Rm defined by some finite set of inequalities
αi ≥ 0 where αi : Rm −→ R is integral-affine. Pv consists of the union of all strata
tangent to v, so Pv is defined by the equations αi ≥ 0 and αj > 0 for all such αj so
that vαj 6= 0. As v spans an infinite ray in P , vαi ≥ 0 for all i, therefore traveling
in the direction of v, we can make all αj so that vαj 6= 0 as large as we like. It
follows that P/v ⊂ Rn/v is defined by the projection of the equations αi ≥ 0 for
αi so that vαi = 0. Therefore, P/v is closed, as required.

Lemma 3.3. BG is a functor from the category of exploded manifolds to stacks
over the category of exploded manifolds.
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Proof: As G is a functor to the category of Lie groupoids, this lemma follows from
the functoriality of passing from Lie groupoids to quotient stacks, given in [9]. Still,
we should check this still works when exploded manifolds are used instead of smooth
manifolds.
Given a map of exploded manifolds, ψ : A −→ B, and a family
L×F L G1A
L G0A
F
φ1
φ0
in BG(A), composing φi with Giψ may not give a family in BG(B), because L×FL
may not be the pullback of G1B, or equivalently in this case, (G0ψ) ◦ φ0 may not
be complete restricted to each fiber of L −→ F . There is, however, a unique
extension of this bundle to a family in BG(B) constructed by lengthening the fibers
of L −→ F until the map to G0(B) is fiberwise complete. This is equivalently given
by replacing L by the quotient of L×G0B G1(B) by the diagonal action of G(A) on
L and G1B; see [9], Remarks 3.24 and 3.30 and the beginning of section 4. In our
case, this means identifying (l, c) ∈ L×G0(B) G1B with (c′ ∗ l, c′−1c) for all c′ so that
c′ ∗ l is defined. The map to G0B sends (l, c) to c ∗ (G0ψ ◦φ0)(l). The map from the
square of this bundle to G1(B) sends (l, c1, c2 ∗ l, c3) to (c1 ∗ (G0ψ ◦φ0)(l), c−11 c2c3).
All this really does in our case is lengthen the fibers of L until L×FL is the pullback
of G1(Bˆ). The fact that such an extension is unique implies that this construction
is compatible with morphisms between families in BG(A) so we obtain a functor
BG(A) −→ BG(B). Similarly, this uniqueness implies that this construction is
compatible with composition of maps of exploded manifolds, so BG defines a functor
from the category of exploded manifolds to the category of stacks, as required. 
Remark 3.4. Some tropical information is discarded passing from G to BG so that
it is not true in general that BG(A ×C B) is equal to BG(A) ×BG(C) BG(B). An
example is given by A = T1(0,∞) ⊂ T = C, B = T1(−∞,0) ⊂ T. This loss of tropical
information is reflected in the need to lengthen the fibers of L in the proof of Lemma
3.3 above.
Definition 3.5. Let E(B) ⊂ BG(B) be the substack consisting of connected com-
ponents of BG(B) corresponding to vectors spanning infinite rays in B, and let
E˜(B) ⊂ G(B) be the corresponding Lie groupoid.
Given an integral-vector w in ZTB or the tangent space to B, let Gw0 (B) ⊂ ZTB
be the closure of the stratum containing w, and let Gw(B) be the pullback of G(B)
via the inclusion Gw0 (B) ⊂ G0(B). Given a tropical curve γ in B, choose a primitive
integral-vector on each edge e of the domain of γ, and let we be its image in TB.
Then define the following Lie groupoid
E˜ [γ](B) :=
∏
e
Gwe(B)
and let E [γ](B) be the quotient stack of E˜ [γ](B).
Note that there is a canonical isomorphism Gw(B) −→ G−w(B) sending (v, c)
to (−v, c−1), so our construction of E˜ [γ](B) does not depend on orientation of our
primitive integral-vector on each edge. For compatibility with E˜(B), we always
choose the outgoing primitive integral-vector on each end of γ.
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Each connected component of E(B) or E [γ](B) is the quotient of an exploded
manifold by a trivial group action. Forgetting this group action gives an exploded
manifold End(B) or End[γ](B) respectively. For example,
End(TmP ) = T
m
P
∐
v
TmP/v
where the disjoint union is over all nonzero integral-vectors v that span an infinite
ray in P . On the other hand,
E(TmP ) = TmP /T
∐
v
TmP/v/Z|v|
where |v| is the positive integer so that v/ |v| is a primitive integral-vector, and the
action of Z|v| and T is the trivial action.
For each end of γ, there is an outward-pointing integral-vector on the corre-
sponding edge of γ, and a corresponding map E˜ [γ](B) −→ E˜(B). If γ has n ends,
the product of these maps gives a map
i˜[γ] : E˜ [γ](B) −→ (E˜(B))n
which induces the following map on the level of quotient stacks.
i[γ] : E [γ](B) −→ (E(B))n
So long as the domain of γ is not R, this map i[γ] is a projection (onto the closure
of some stratum) that forgets the components Gwe(B) for internal edges e. The
tropical completion of this map at the image of γ will feature in our gluing formula,
but to reduce notational complexity, we shall refer to this tropical completion again
as i[γ].
The definition of E˜ [γ](B) also makes sense if γ is a cut tropical curve. Cut γ at
some chosen point on all edges, and let γ+v be the connected component containing
v. As each edge in γ+v is part of an edge in γ, there is a canonical map
∆˜: E˜ [γ](B) −→
∏
v
E˜ [γ
+
v ](B) .
Now suppose that B is basic, and let B¯v be the closure of the stratum of B
containing v. As B is basic, there is an inclusion B¯v ⊂ B|ˇv, where B|ˇv is the tropical
completion of B at v discussed in [25]. The cut tropical curve γ+v is contained in
B¯v, and E˜ [γ
+
v ](B) is a sub-groupoid of G(B¯v)n, so the inclusion B¯v ⊂ B|ˇv induces
an inclusion E˜ [γ
+
v ] −→ G(B|ˇv)n. There is a tropical curve γv in B|ˇv with a single
vertex v and all edges semi-infinite rays in the directions of the edges leaving v.
The above inclusion has image contained in E˜ [γv](B|ˇv), so our map ∆˜ above induces
a canonical map
∆˜: E˜ [γ](B) −→
∏
v
E˜ [γv ](B|ˇv)
which induces the following map on the level of quotient stacks.
∆: E [γ](B) −→
∏
v
E [γv ](B|ˇv)
Again, it is the tropical completion of ∆ at the image of γ that will feature in our
gluing formula, but to reduce notational complexity, we shall refer to this tropical
completion simply as ∆.
We now describe our evaluation maps to E(B). Given a connected family of
curves fˆ in M•·B and an end-label, e, let F˜e(fˆ) be the connected component
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of E˜ C(fˆ) corresponding to the outgoing primitive integral-vector on the end e.
Note that the quotient stack of F˜e(fˆ) is canonically isomorphic to F(fˆ), so the
restriction of E fˆ : E(C(fˆ)) −→ E B to this component defines a natural evaluation
map F(fˆ) −→ E B. As E is a functor, we get a corresponding evaluation map
M•· (B) −→ E B for each end e. The product of these evaluation maps for all
labeled ends gives an evaluation map ev, and composing this evaluation map with
the map forgetting stack structure gives a further evaluation map, ev.
M•· (B)
∐
n(E B)n
∐
n(End B)
n
ev
ev
Let us lift this evaluation map ev to give some kind of evaluation map to the
corresponding groupoid
∐
n(E˜ B)n. Given a family of curves fˆ in M•·B, let F˜(fˆ)
be the fiber-product of F˜e(fˆ) over F(fˆ) for all ends e. Then F˜ defines a functor
from M•· to the category of (exploded) Lie groupoids. The quotient stack of the
groupoid F˜(fˆ) is equal to F(fˆ), and ev : F(fˆ) −→ ∐n(E B)n lifts to a map of Lie
groupoids induced from Gfˆ .
e˜v : F˜(fˆ) −→
∐
n
(E˜ B)n
Clearly, e˜v is a natural transformation from the functor F˜. We can also consider e˜v
as a map of groupoids internal to the category of stacks over exploded manifolds.
LetM•·+ be the moduli stack of curves inM•· along with a choice of point in every
external edge. We can consider e˜v as given by the maps e˜vi of stacks in the following
commutative diagram
F(fˆ++) = F˜1(fˆ) M•·++
∐
n(E˜1 B)n
F(fˆ+) = F˜0(fˆ) M•·+
∐
n(E˜0 B)n
F(fˆ) M•·
∐
n(E B)n
∐
n(End B)
n
e˜v1
e˜v0
ev
ev
where M•·++ :=M•·+ ×M•· M•·+ . The map e˜v0 is given by evaluation of T fˆ at the
outgoing primitive integral-vector at each of the points chosen on external edges.
A curve in M•·++ has two chosen points in each external edge. In a family fˆ , this
corresponds to two sections F(fˆ) −→ C(fˆ) for each external edge e; the second
section is ce times the first section for some exploded function ce : F(fˆ) −→ T.
The map e˜v1 is the lift of e˜v0 determined by these functions ce when we consider
E˜1(B) ⊂ E˜0(B)×T. If we consider M•·++ ⇒M•·+ a groupoid M˜•· (internal to the
category of stacks over exploded manifolds), the above maps e˜vi can be represented
as a map
e˜v : M˜•· −→
∐
n
(E˜ B)n
Given a tropical curve γ in B, we can describe similar evaluation maps, ev[γ],
ev[γ] and e˜v
[γ]
, with target E [γ] B, End[γ] B, and E˜ [γ] B. In this case, we need to use
the stack M•[γ] from Definition 2.1. Recall from Definition 2.2 and the discussion
following it, that M•[γ]+ is the stack of curves in M•[γ] along with a choice of point
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in each edge decorated by an edge of γ, and that a family fˆ inM•[γ] has a canonical
lift to a family fˆ+ in M•[γ] parmametrized by the fiber-product over F(fˆ) of the
strata Ce ⊂ C(fˆ) decorated by edges of γ. Define F˜0(fˆ) := F(fˆ+) and let F˜(fˆ) be
the banal groupoid of the bundle F˜0(fˆ) −→ F(fˆ), so F˜1 = F˜0 ×F F˜0. If γ has n
edges, choosing an orientation for each edge of γ identifies F˜(fˆ) as a sub-groupoid
of (GC(fˆ))n. Then Gfˆ applied to this sub-groupoid has image in E˜ [γ] B ⊂ (GB)n,
and defines our map e˜v
[γ]
.
e˜v
[γ]
: F˜(fˆ) −→ E˜ [γ] B
The map e˜v0 we have seen before. After noting that E˜ [γ]0 (B) =
∏
e B¯e, e˜v0 is equal
to
∏
e eve : F(fˆ
+) −→ ∏e B¯e, where eve first appears in Definition 2.2, and stars
in Theorem 2.5. As the quotient groupoid of F˜(fˆ) is F(fˆ), the corresponding map
on quotient groupoids defines an evaluation map ev[γ].
ev[γ] : F(fˆ) −→ E [γ] B
As with e˜v, we may consider e˜v
[γ]
i as giving maps from moduli stacks as in the
following commutative diagram.
F˜1(fˆ) M•[γ]++ E˜
[γ]
1 B
F˜0(fˆ) M•[γ]+ E˜
[γ]
0 B
F(fˆ) M•[γ] E [γ] B End[γ] B
e˜v
[γ]
1
e˜v
[γ]
0
ev[γ]
ev[γ]
In the above, M•[γ]++ := M•[γ]+ ×M•[γ] M•[γ]+ is the moduli stack of curves in
M•[γ] with two chosen points on each edge labeled by an edge of γ. We may
use e˜v
[γ]
: M˜•[γ] −→ E˜
[γ]
(B) as a shorthand for the top-right square of the above
diagram.
All curves in M•
[γ+v ]
(B) have image contained in B¯v, so the inclusion B¯v ⊂
B|ˇv induces an inclusion M•[γ+v ](B) ⊂ M
•
[γ+v ]
(B|ˇv). Theorem 2.5 along with the
observation that γ+v has no internal edges and has all external edges infinitely
extendable, implies that the cutting map applied toM•[γv ]+(B|ˇv) is an isomorphism,
so
M•
[γ+v ]
(B|ˇv) =M•[γv]+(B|ˇv) .
Define cut0 to be the following composition.
M•[γ]+(B)
∏
vM•[γ+v ](B)
∏
vM•[γv ]+(B|ˇv)
cut
cut0
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Our map cut0 determines maps, cut1 and cut, so that the following diagram
commutes.
(5)
M•[γ]++(B) M•[γ]+(B) M•[γ](B)
∏
vM•[γv]++(B|ˇv)
∏
vM•[γv]+(B|ˇv)
∏
vM•[γv](B|ˇv)
cut1
s
t
pi
cut0 cut
s
t
pi
So long as γ has internal edges, (cut fˆ)+ is larger than cut0(fˆ
+), because cut fˆ
has two edges for each internal edge of γ. The universal property of (cut fˆ)+ and
(cut fˆ)++ give maps cut0(fˆ
+) −→ (cut0 fˆ)+ and cut1(fˆ++) −→ (cut fˆ)++ that
define a map of groupoids F˜(fˆ) −→ F˜(cut fˆ).
Use the notation M•[γv](B) ⊂ M•[γv ](B|ˇv) for the substack consisting of curves
whose tropical part has all vertices in B¯v ⊂ B|ˇv. This is the image of M•[γ+v ](B) ⊂
M•[γv]+(B|ˇv) under the projection forgetting the extra points on edges. From The-
orem 2.5, one could expect that the following diagram
M•[γ](B) E [γ] B
∏
vM•[γv](B)
∏
v E [γv ] B|ˇv
ev[γ]
cut ∆∏
v ev
[γv ]
is close to being a fiber-product diagram. It fails to be a fiber-product diagram
because, in taking the quotient, we have thrown away tropical information encoding
the requirement that the length of an internal edge of a tropical curve is positive.
We shall deal with this issue using tropical completion, but shall do so on the level
of Kuranishi structures instead of using M•[γ].
Proposition 3.6. Given any family of curves fˆ in
∏
vM•[γv ](B) so that
∏
v ev
[γ]
is transverse to ∆, there exists a family of curves, cut∗(fˆ), in M•[γ](B) with a map
cut(cut∗(fˆ)) −→ fˆ
satisfying the following universal property: Given any family of curves hˆ inM•[γ](B)
and a map ψ : cut(hˆ) −→ fˆ , there exists a unique map cut∗(ψ) : hˆ −→ cut∗(fˆ) so
that the following diagram commutes.
(6)
cut(cut∗(fˆ))
cut(hˆ) fˆ
cut(cut∗(ψ))
ψ
Moreover, the following diagram
(7)
F˜(cut∗(fˆ)) E˜ [γ](B)
F˜(fˆ)
∏
v E˜
[γ]
(B|ˇv)
e˜v[γ]
∆˜∏
v e˜v
[γv ]
is a fiber-product diagram of groupoids.
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Proof:
Theorem 2.5 allows us to construct cut∗0(fˆ
+) so that the following is a fiber-
product diagram.
F(cut∗0 fˆ
+) E˜ [γ]0 (B)
F(fˆ+)
∏
v E˜
[γv ]
(B|ˇv)
e˜v
[γ]
0
∆˜0∏
v e˜v
[γv ]
0
In particular, define cut∗0(fˆ
+) as the construction, cut∗, from Theorem 2.5 applied
to the fiber-product of fˆ+ with E˜ [γ]0 (B): taking this fiber-product gives a family of
curves in M•[γv]+(B|ˇv) which, when cut, are contained entirely inside B¯v ⊂ B|ˇv, so
correspond to a family of curves in M•
[γ+v ]
(B) to which Theorem 2.5 applies. The
fiber-product exists because
∏
v ev
[γv] being transverse to ∆ implies that
∏
v e˜v
[γv ]
0
is transverse to ∆˜0.
The universal property from Theorem 2.5 implies the corresponding univer-
sal property for cut∗0 fˆ
+: given any family of curves hˆ in M•[γ]+(B), any map
ψ : cut0 hˆ −→ fˆ+ has a unique pullback, cut∗0 ψ : hˆ −→ cut∗0(fˆ+) so that the fol-
lowing diagram commutes.
cut0(cut
∗
0(fˆ
+))
cut(hˆ) fˆ+
cut0(cut
∗
0(ψ))
ψ
We shall construct cut∗ fˆ so that cut∗0(fˆ
+) = (cut fˆ)+ (or rather these two
families are canonically isomorphic, because of the universal property of pullbacks
and the commutative diagram (5)). Using the notation of diagram (5), pi◦cut0 ◦s =
pi ◦ cut0 ◦t = pi ◦s◦ cut1, so there are canonical isomorphisms (written as equalities)
as follows:
s∗ cut∗0 fˆ
+ = t∗ cut∗0 fˆ
+ := cut∗1(fˆ
++)
The natural maps
ss∗ cut∗0 fˆ
+ −→ cut∗0 fˆ+
tt∗ cut∗0 fˆ
+ −→ cut∗0 fˆ+
project to give the following groupid internal to M•[γ](B).
pis cut∗1(fˆ
++) ⇒ pi cut∗0(fˆ+)
Define cut∗ fˆ to be the quotient of this groupoid. (The groupoid action is free, so
F(cut∗ fˆ) is an exploded manifold instead of a stack.) The map pi cut∗0 fˆ
+ −→ cut∗ fˆ
lifts uniquely to a map cut∗0 fˆ
+ −→ (cut∗ fˆ)+ with inverse the unique lift of the map
pi ◦ cut0(cut∗ f)+ −→ f using the universal property of cut∗0 and pi∗. So (cut∗ fˆ)+
is indeed canonically isomorphic to cut∗0 fˆ
+.
The universal property for cut∗ fˆ is implied by the universal property for cut∗0 fˆ
+.
In particular, given any hˆ inM•[γ]+(B), any map ψ : cutpihˆ −→ fˆ has a unique lift
to ψ+ : cut0 hˆ −→ fˆ+ and cut∗0 ψ+ : hˆ −→ cut∗0 fˆ+ = (cut∗ fˆ)+. Projecting this
map using pi gives the required unique lift cut∗ ψ : pihˆ −→ cut∗ fˆ . As all families in
M•[γ](B) are locally in the image of pi, the universal property of cut∗ holds for all
families.
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It remains to show that diagram (7) is a fiber-product diagram. We have already
identified F(cut∗0 fˆ
+) = F˜0(cut
∗ fˆ) as the appropriate fiber-product, so it remains
to check that
(8)
F˜1(cut
∗ fˆ) E˜ [γ]1 (B)
F˜1(fˆ)
∏
v E˜
[γ]
1 (B|ˇv)
e˜v
[γ]
1
∆˜∏
v e˜v
[γv ]
1
is a fiber-product diagram. A map x : A −→ F˜1(cut∗ fˆ) is equivalent to a map
x0 : A −→ F˜0(cut∗ fˆ) and for each edge e of γ, a map ce : A −→ T so that the
action of ce on x
∗
0(cut
∗ fˆ)+ is well-defined. We already know that x0 is equivalent
to the corresponding maps to E˜0(B) and F˜0(fˆ) compatible with the fiber-product.
Promoting these to maps to compatible maps to E˜1(B) and F˜1(fˆ) is equivalent to
choosing functions ce : A −→ T for every edge of γ and
∐
v γv so that
(1) ce1 = c
−1
e2 = ce if e is an internal edge of γ that breaks into e1 and e2.
(2) ce = ce′ if e
′ is the edge of
∐
v γv corresponding to an end, e, of γ.
(3) For edges e of
∐
v γv, the action of ce on the pullback of fˆ
+ is well-defined.
(4) For edges e of γ, the action of ce on the image of A in E˜ [γ]0 B is well-defined.
These conditions on our functions are equivalent to a choice of ce for each edge of
γ so that the action on x∗0(cut
∗ fˆ)+ is well-defined: Conditions (1) and (2) ensure
that we only need ce for edges of γ; condition (3) (along with the identifications
from the previous conditions) is equivalent to the action of ce being well-defined
on x∗0(cut
∗ fˆ)+, and condition (4) follows from the previous conditions and the fact
that the maps to E˜0(B) and F˜0(fˆ) are compatible. Therefore, diagram (8) is a
fiber-product diagram, and the proof that diagram (7) is a fiber-product diagram
is complete.

4. Simple gluing formula
Proposition 3.6 implies that the following is almost a fiber-product diagram
Mst[γ](B) E [γ](B)
∏
vMst[γv ](B|ˇv)
∏
v E [γv ](B|ˇv)
cut
ev[γ]
∆∏
v ev
[γv ]
so we could hope that a version of the usual relationship for pushforwards of dif-
ferential forms holds. It does hold after suitable tropical completion, and results
in our gluing formula. Of course, ev
[γ]
! , as constructed in [25], involves pushing
forward from the virtual fundamental class, which is the intersection with 0 of a
section ∂¯ of a sheaf Y over Mst. To prove our gluing formula, we must first verify
that our diagram above is compatible with ∂¯ and Y.
We now describe a natural identification of Y over Mst[γ](B) with cut∗ Y. Using
the cutting map, a family of curves fˆ is sent to several families of curves, fˆv,
all parametrized by F(fˆ). There is an identification, of sheaves of C∞,1(F(fˆ))–
modules, in the following form.
Y(fˆ) ∼= ⊕vY(fˆv)
Using the cutting map, the strata, C(fˆ)v, of C(fˆ) labelled by v have a natural
inclusion into C(fˆv), compatible with the inclusion, B¯v ⊂ B|ˇv, of the closure of the
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stratum of B containing v into B|ˇv.
(9)
C(fˆ)v B¯v
C(fˆv) B|ˇv
fˆ
fˆv
The sheaf Y(fˆv) consists of C∞,1 sections of T ∗vertC(fˆv) ⊗ fˆ∗vTB|ˇv that vanish on
the edges of curves. Our inclusions above identify such sections with sections of
T ∗vertC(fˆ)⊗fˆ∗TB over C(fˆ)v. We can extend these sections to be 0 everywhere else
on C(fˆ); these extended sections are C∞,1 because our sections vanish on edges.
This identification defines an inclusion Y(fˆv) ⊂ Y(fˆ).
The resulting map ⊕vY(fˆv) −→ Y(fˆ) has an obvious inverse. Any section of
Y(fˆ) restricted to C(fˆ)v, then extended as 0 elsewhere on C(fˆv) defines a section
of Y(fˆv). This construction for all v provides our required inverse map, Y(fˆ) −→
⊕vY(fˆv). These identifications are clearly compatible with the C∞,1(F(fˆ))–module
structure and the section ∂¯, and are natural in the sense that given any map fˆ −→ gˆ
in Mst[γ](B), the corresponding diagram commutes.
Y(fˆ) Y(gˆ)
⊕vY(fˆ) ⊕vY(gˆv)
This completes the description of our natural identification
Y(Mst[γ](B)) = cut∗(Y(
∏
v
Mst[γv ](B|ˇv))) .
The virtual fundamental class of the moduli stack of holomorphic curves, con-
structed in [25], uses an embedded Kuranishi structure, constructed in [23]. Each
Kuranishi chart onMst• is an open substack U ⊂Mst• , and on U a finite-dimensional
obstruction bundle V ⊂ Y, and a family fˆ with automorphism group G so that
fˆ/G represents ∂¯−1(V ) ⊂ U .
Remark 4.1. Proposition 3.6 implies that if fˆ/G represents the substack ∂¯−1(V ),
then (cut∗ fˆ)/G represents the substack ∂¯−1(cut∗ V ).
The pullback of a Kuranishi chart (U , V, fˆ/G) on ∏vMst[γv ](Bv) is
cut∗(U , V, fˆ/G) := (cut−1 U , cut∗ V, (cut∗ fˆ)/G)
however we need to check that our pulled-back Kuranishi chart satisfies the technical
conditions of Definition 2.27 of [23]. To be used for a Kuranishi chart as defined
in [23], an obstruction bundle must be simply-generated in the sense of Definition
2.24 of [23].
Lemma 4.2. Let f ∈Mst[γ](B) be a holomorphic curve with cut f =
∏
v fv. Given
any choice of simply-generated obstruction bundles Vv, defined on a open neighbor-
hoods of fv in Mst[γv ](B|ˇv), the pullback, cut∗(⊕Vv), is simply-generated on an open
neighorhood of f in Mst[γ](B).
Proof:
Lemma 6.4 from [23] implies that, on a small enough neighborhood, Uv of fv, Vv
is pulled back (Definition 2.23 of [23]) from some family of curves gˆv in Uv with a
26 BRETT PARKER
group Gv of automorphisms using a map
U+1v C(gˆv)/Gv
Uv F(gˆv)/Gv
that is a holomorphic isomorphism restricted to each fiber. Consider
∏
v gˆv as a
family of (possibly unstable) holomorphic curves, mapping to a point, and decorated
by γv. Let gˆ be cut
∗(
∏
v gˆv) in M∞,1[γ] (pt). As specified by Proposition 3.6, this gˆ
comes with a natural morphism cut gˆ −→ ∏v gˆv, which satisfies the property that
given any family of curves fˆ in M∞,1[γ] (pt) with a map ψ : cut(fˆ) −→
∏
v gˆv, there
exists a unique map ψ′ : fˆ −→ gˆ so that the following diagram commutes:
cut(fˆ) cut gˆ
∏
v gv
ψ
cut(ψ′)
This universal property implies that the fiberwise holomorphic map∏
v U+1v
∏
v C(gˆv)/Gv
∏
v Uv
∏
v F(gˆv)/Gv
lifts canonically to a fiberwise holomorphic map
(10)
U+1 C(gˆ)/∏v Gv
U F(gˆ)/∏v Gv
where U is the inverse image of ∏v Uv under the cutting map. We shall now show
that using the above map (10), cut∗(⊕vVv) is the pullback of a sheaf of sections
in the sense of Definition 2.23 of [23], and in particular cut∗(⊕vVv) is simply-
generated in the sense of Definition 2.24. As stipulated by these definitions, Vv
is constructed using the pullback of some sections σ of Γ0,1(T ∗vertC(gˆv) ⊗ T (B|ˇv))
vanishing on edges of C(gˆv). Using the inclusions (9), and the map C(cut gˆ) −→
C(
∏
v gˆv), any such section σ can be pulled back, then extended to a section σ
′ of
Γ0,1(T ∗vertC(gˆ)) ⊗ TB), vanishing outside the strata of C(gˆ) labeled by v. These
sections σ′, when pulled back21 using our map (10) generate cut∗(⊕vV ) in the sense
of 2.24 of [23].
This completes the proof that the pullback of ⊕vVv is simply-generated on U .

Proposition 4.3. Given any choice of ev[γv ]–submersive embedded Kuranishi struc-
ture onMst[γv ](B|ˇv), there exists an embedded Kuranishi structure on
∏
vMst[γv](B|ˇv)
so that every Kuranishi chart has an extension that is a product of charts from the
chosen Kuranishi structures on Mst[γv](B|ˇv), and so that the pullback of this Kuran-
ishi structure to Mst[γ](B) is an embedded Kuranishi structure.
21Definition 2.23 of [23].
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Proof: Even though the Kuranishi charts on Mst[γv ](B|ˇv) are compatible with each
other, the product Kuranishi charts on
∏
vMst[γv](B|ˇv) and the pulled-back Ku-
ranishi charts on Mst[γ](B) may not be compatible (because the product of totally
ordered sets usually only has a partial order.) To overcome this problem, we choose
where to use each chart carefully. The construction is analogous to the construction
of compatible Kuranishi charts in the proof of Theorem 7.3 from [23].
In particular, Lemma 7.1 of [23] and Lemma 4.2 above, imply that each holomor-
phic curve f in
∏
vMst[γv ] has a neighborhood O with a C∞,1 function ρ : O −→
[0, 1] so that
• all holomorphic curves in the closure of {ρ > 0} ⊂∏vMst[γv] are contained
in O;
• ρ(f) = 1
• there exists some collection (Uv, Vv, fˆv/Gv) of the given Kuranishi charts
on Mst[γv] so that O ⊂
∏
v Uv;
• cut∗⊕vVv is simply-generated on cut−1(O).
As the set of holomorphic curves in any connected component of
∏
vMst[γv](B|ˇv)
is compact22, there exists some finite collection {(O1, ρ1), . . . , (ON , ρN )} with the
substacks {ρi > 12} covering the holomorphic curves in this component of
∏
vMst[γv ](B|ˇv).
Use the notation Vi for the obstruction bundle, ⊕vVv above, defined on Oi, and for
any S ⊂ {1, . . . , N}, let VS := ⊕i∈SVi.
We shall use VS on a restricted domain, OS , defined to be the interior of the
following set.{(
min(0.4,min
j∈S
ρj)−max(0.1,max
j′ /∈S
ρj′)
)
>
0.1
N
}
⊂
⋂
j∈S
Oj
In the above, we extend ρj′ to be 0 wherever it is not already defined. The proof
of Claim 7.4 from [23] applies without modification to show that that these OS
form an open cover of the holomorphic curves in our connected component of∏
vMst[γv](B|ˇv). Make a similar construction for all other connected components.
By construction, OS ∩ OS′ 6= ∅ only if VS is a subsheaf of VS′ or visa versa, so
we may construct compatible Kuranishi charts on
∏
vMst[γv ] using subcharts of the
product chart that uses VS only within OS .
Let us verify that each of our Kuranishi charts, (O, V, fˆ/G) on ∏vMst[γv ](B|ˇv),
pulls back to a Kuranishi chart (cut−1O, cut∗ V, cut∗ fˆ/G) on Mstγ (B). Our as-
sumption that our original charts were ev[γv]–submersive implies that our chart is
(
∏
v ev
[γv ])–submersive, and in particular,
∏
v ev
[γv] restricted to fˆ is a submersion.
Proposition 3.6 then tells us that cut∗ fˆ is a well-defined C∞,1 family of curves,
and that cut∗ fˆ/G represents ∂¯−1(cut∗ V ) ⊂ cut−1(O). We also need that D∂¯ is
strongly transverse23 to cut∗ V at any holomorphic curve f in fˆ . By our submer-
sive assumption, D∂¯ at cut f is strongly transverse to V , even when restricted to
the kernel of the derivative of
∏
v ev
[γv ]. Proposition 3.6 then implies that D∂¯ is
strongly transverse to cut∗ V . We already know that cut∗ V is simply-generated,
and cut∗ V is complex because V is, so (cut−1O, cut∗ V, cut∗ fˆ/G) satisfies all the
requirements to be a Kuranishi chart from Definition 2.27 of [23].
22To ensure compactness, we have assumed that there is a taming form taming the almost
complex structure on B, and that B admits an immersion into some RN . These conditions, and
the required compactness, then automatically hold for B|ˇv .
23See definitions 2.26 and 2.29 of [23].
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The pullback of any compatible collection of Kuranishi charts is compatible, so
our embedded Kuranishi structure on
∏
vMst[γv](B|ˇv) pulls back to an embedded
Kuranishi structure on Mst[γ](B).

Proposition 3.6 almost describes cut∗ fˆ as a fiber-product. The following lemma
proves that after applying tropical completion as in section 7 of [25], we get an
honest fiber-product.
Lemma 4.4. Given any Kuranishi chart (U , V, fˆ/G) on ∏vMst[γv ](B|ˇv) that pulls
back to a Kuranishi chart (cut−1 U, cut∗ V, cut∗ fˆ/G), the following is a fiber-product
diagram.
F(cut∗ fˆ )ˇ|γ (E [γ] B)ˇ|ev[γ]γ
F(fˆ)
∏
v E [γv](B|ˇv)
ev[γ] |ˇγ
∆∏
v ev
[γv ]
As first glance, the above diagram requires tropical completion of the bottom
row at
∐
v γv to make sense, however as we shall see in the proof, such tropical
completion does nothing.
Proof:
Let us describe the fiber-product F(fˆ) ×∏
v E[γv ](B|ˇv) E
[γ](B). The image of∏
v ev
[γv] is encoded by the following diagram
F(fˆ+) E˜0
∏
v E˜
[γv ]
0 (B|ˇv)
F(fˆ)
∏
v e˜v
[γ]
0
where E˜0 is the unique extension of the bundle F(fˆ
+) −→ F(fˆ) so that the following
is a fiber-product diagram.
(11)
E˜1 := E˜0 ×F(fˆ) E˜0
∏
v E˜
[γv]
1 (B|ˇv)
E˜0
∏
v E˜
[γv ]
0 (B|ˇv)
Importantly, F(fˆ+) is a subset of E˜0 determined by an open condition on the
tropical part of E˜0.
Claim 4.5. The fiber-product
F(fˆ)×∏
v E[γv ](B|ˇv) E
[γ](B)
is the quotient stack of the groupoid
E˜ ×∏
v E˜
[γv ](B|ˇv)
E˜ [γ](B) .
To prove Claim 4.5, consider a map of an exploded manifold X into the quotient
stack of the above fiber-product of groupoids. Such a map is a bundle X˜0 −→ X
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and a pullback diagram.
X˜1 := X˜0 ×X X˜0 E˜1 ×∏
v E˜
[γv ]
1 (B|ˇv)
E˜ [γ]1 (B)
X˜0 E˜0 ×∏
v E˜
[γv ]
0 (B|ˇv)
E˜ [γ]0 (B)
Because of the pullback diagram (11), the above is a pullback diagram if and only
if the induced diagram
(12)
X˜1 E˜ [γ]1 (B)
X˜0 E˜ [γ]0 (B)
is a pullback diagram — such a diagram is a map of X to E [γ](B).
A map of X to our stack fiber-product is a map h : X −→ F(fˆ), a diagram in
the form (12), and an isomorphism between their images in
∏
v E [γv](B|ˇv). Such
an isomorphism amounts to a lift of h to a groupoid map h˜ : X˜ −→ E˜ so that the
following diagram commutes.
X˜ E˜ [γ](B)
E˜
∏
v E˜
[γv]
(B|ˇv)
h˜
This data of our map of X into the stack fiber-product is equivalent to a map of X
into the quotient stack of our fiber-product of groupoids, so Claim 4.5 is true.
We need to relate F(cut∗ fˆ) to this fiber-product. Proposition 3.6 gives F˜(cut∗ fˆ)
as a fiber-product, however this fiber-product involves fˆ ′ ⊂ fˆ , the pullback of
fˆ under the inclusion
∏
vMst[γv ](B) −→
∏
vMst[γv ](B|ˇv). This family fˆ ′ is the
subfamily of fˆ consisting of curves with tropical parts having all vertices contained
in B¯v ⊂ B|ˇv. In particular, F(fˆ ′) ⊂ F(fˆ) is a subset determined by restricting
to the inverse image of an open24 subset of F(fˆ). Therefore, Proposition 3.6 gives
that F(fˆ) represents the quotient stack of a subgroupoid of E˜×∏
v E˜
[γv ](B|ˇv)
E˜ [γ](B)
determined by restricting to the inverse image of an open subset of its tropical part.
It follows that F(cut∗ fˆ) represents a subset of the fiber-product
F(fˆ)×∏
v E[γv ](B|ˇv) E
[γ](B)
determined by restricting to the inverse image of an open subset of its tropical part.
This subset includes all the points corresponding to curves with tropical part actu-
ally equal to
∐
v γv, and points in E [γ](B) that are the image of curves with tropical
part γ, so we may describe the subset, F(cut∗ fˆ)|γ , corresponding to curves with
tropical part equal to γ as an honest fiber-product. Taking tropical completions25
24Note that open subsets of B have closed image in B.
25Section 7 of [25] only describes tropical completion of orbifolds, not general stacks, so we
must specify what is meant by tropical completion of E [γ]B. This stack is a global quotient of
End[γ]B, so define its tropical completion as the corresponding quotient of the tropical completion
of End[γ]B.
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at the relevant points corresponding to γ gives a fiber-product diagram.
F(cut∗ fˆ )ˇ|γ (E [γ] B)ˇ|ev[γ]γ
F(fˆ )ˇ|∐
v γv
∏
v(E [γv ](B|ˇv))ˇ|ev[γv ]γv
ev[γ] |ˇγ
∆|ˇ
ev[γ]γ
∏
v ev
[γv ] |ˇγv
The tropical completions on the bottom row do nothing, because the spaces involved
are already complete, and have tropical parts which are always an infinite cone
around the tropical completion point. This is because B|ˇv is an infinite cone around
v. The rescaling action around v also acts on E [γv](B|ˇv), preserving the image
of curves with tropical part γv (and only this point), so tropical completion at
this point does nothing. Similarly, because fˆ has universal tropical structure, the
rescaling action also acts on F(fˆ). This scaling action preserves only the point
corresponding to curves with tropical part γv, so again tropical completion at this
point does nothing.
Removing the unnecessary tropical completions from the bottom row gives the
required fiber-product diagram.

We are now ready to write our first gluing theorem. Consider the map ev : Mst· (B) −→∐
n(End B)
n, and define
η := ev!(~2g−2+nqE)
where g, n and E are the locally constant functions recording the genus, number of
ends, and ω–energy of curves, and ~ and q are dummy variables. In general, ev[γ] is
not complete, even restricted to curves with bounded genus and energy, and ev
[γ]
!
may not be defined. Use tropical completion as in section 7 of [25] to define
η[γ] := (ev[γ ]ˇ|γ)!(~2g−2+nqE)
and similarly use tropical completion at γ to define
ηˇ|γ := (evˇ|γ)!(~2g−2+nqE) .
Similarly, given any complex vector-bundle W over Mst• (B), define
η(W ) := ev!(~2g−2+nqEc(W ))
η[γ](W ) := (ev[γ ]ˇ|γ)!(~2g−2+nqEc(W |ˇγ))
η(W )ˇ|γ := (evˇ|γ)!(~2g−2+nqEc(W |ˇγ))
where c(W ) is the top Chern class of W .
Remark 4.6. In the case of γv, tropical completion at γv affects nothing, and
η[γv ](W ) is the the restriction of η(W ) to End[γv](B|ˇv) ⊂
∐
n(End B|ˇv)n.
Remark 4.7. Given any point p ∈∐n(End B)n, say that γ ∈ ev−1p if curves with
tropical part γ are send by ev to points with tropical part p. Lemma 7.7 of [25] gives
that
ηˇ|p =
∑
γ∈ev−1p
ηˇ|γ
and more generally,
η(W )ˇ|p =
∑
γ∈ev−1p
η(W )ˇ|γ .
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Note that the target of ev[γ ]ˇ|γ is not End[γ](B), but its tropical completion at the
image of γ, so η[γ] is a (refined26) cohomology class on End[γ](B)ˇ|ev[γ](γ). Indicate
the tropical completion of ∆ again by ∆.
∆: End[γ](B)ˇ|ev[γ](γ) −→
∏
v
End[γv ](B|ˇv)
Theorem 4.8.
∆∗
∏
v
η[γv ] = kγη
[γ]
where kγ =
∏
e∈iedγme, the product of the multiplicities of the internal edges of γ.
Similarly, given complex vector bundles Wv on Mst[γv],
∆∗
∏
v
η[γv ](Wv) = kγη
[γ](cut∗⊕vWv )ˇ|γ .
Proof:
Using [23], construct ev[γv]–submersive embedded Kuranishi structures onMst[γv ](B|ˇv),
then use Proposition 4.3 to construct a corresponding embedded Kuranishi struc-
ture on
∏
vMst[γv](B|ˇv). The resulting Kuranishi category K within
∏
vMst[γv](B|ˇv)
is a weak product of the Kuranishi categories Kv fromMst[γv](B|ˇv), so Theorem 6.2
from [25] gives the expected product relation when pushing forward using K and∏
v ev
[γv], or Kv and ev[γv].
(13) (
∏
v
ev[γv])!(
∏
v
~2gv−2+nvqEvc(Wv)) =
∏
v
η[γv](Wv)
Now consider the Kuranishi category, cut∗K, defined using the pullback of our
embedded Kuranishi structure, and apply tropical completion27 to ev[γ] considered
as a map from cut∗K. Lemma 4.4 implies that the following is a pullback diagram
of Kuranishi categories.
cut∗K|ˇγ (E [γ](B))ˇ|ev[γ]γ
K ∏v E [γv](B|ˇv)
cut |ˇγ
ev[γ] |ˇγ
∆∏
v ev
[γv ]
So long as the stacks above on the right are orbifolds, we can apply Theorem
5.22 of [25] to obtain the relationship between (ev[γ] |ˇγ)! and (
∏
v ev
[γv ])!. We have
that E [γ](B) = End[γ](B)/∏eGe, where the group Ge is Zme for each edge of
multiplicity me 6= 0, and is T for each edge of multiplicity 0. We can forget the
Ge–action for each end e of γ, leaving us with the following pullback diagram.
cut∗K|ˇγ (End[γ](B))ˇ|ev[γ]γ/
∏
e∈iedγ Ge
K ∏v End[γv](B|ˇv)/∏e∈iedγ G2e
cut |ˇγ
In particular, cut∗K|ˇγ is a (
∏
e∈iedγ Ge)–bundle over the corresponding fiber-product
forgetting the Ge–actions. If any internal edge has multiplicity 0, it follows that
η[γ] must be 0. Otherwise, the righthand side of the above consists of orbifolds,
26The minimal cohomology theory of exploded manifolds containing the usual cohomology but
with pushforwards compatible with fiber-products is called refined cohomology. See section 9 of
[19].
27See section 7 of [25], especially Lemma 7.7.
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so applying Theorem 5.22 of [25], then pushing forward the result via the map
forgetting the Ge–actions, gives
(14) (ev[γ ]ˇ|γ)!(cut∗ θ) =
 ∏
e∈iedγ
me
∆∗(∏
v
ev[γv ])!(θ)
Observing that cut∗(
∏
v ~2gv−2+nvqEvc(Wv)) = ~2g−2+nqEc(cut∗⊕vWv), then com-
bining equations (14), and (13) gives our desired result.
∆∗
∏
v
η[γv](Wv) = kγη
[γ](cut∗⊕vWv)

Consider the map
i[γ] : End[γ](B)ˇ|ev[γ]γ −→
(∐
n
(End B)n
)
|ˇevγ
forgetting all internal edges.
Lemma 4.9. The following relationship holds between ηˇ|γ and η[γ].
ηˇ|γ =
1
|Aut γ| i
[γ]
! η
[γ]
More generally, let W be a complex vectorbundle on Mst· , and let pi∗W indicate its
pullback under the map pi : Mst[γ] −→Mst· . The following equation holds.
η(W )ˇ|γ =
1
|Aut γ| i
[γ]
! η
[γ](pi∗W )
Proof:
Choose an embedded Kuranishi structure on Mst· (B) for defining η, and pull
back this embedded Kuranishi structure using pi to define an embedded Kuranishi
structure on Mst[γ](B). Let K and pi∗K be the associated Kuranishi categories.
Take the tropical completion of these Kuranishi categories at γ, and consider the
following commutative diagram.
K|ˇγ (
∐
n(End B)
n) |ˇevγ
pi∗K|ˇγ
(
End[γ] B
)
|ˇev[γ]γ
ev|ˇγ
pi
ev[γ]
i[γ]
When K uses the family fˆ with automorphism group G, pi∗K uses pi∗fˆ with the
action of G induced using the universal property of pi∗fˆ . For a given curve f with
tropical part γ, there are |Aut γ| ways of γ–decorating f so that the γ–decoration
is an isomorphism. It follows that F(pi∗fˆ )ˇ|γ −→ F(fˆ )ˇ|γ is an |Aut γ|–fold cover, so
pi : pi∗K|ˇγ −→ K|ˇγ is an |Aut γ|–fold cover. The required formula for pushforwards
follows.

5. Enhanced evaluation map and gluing formula
In this section, we enhance our evaluation map to generalize the stabilization map
ev0 : Mstg,n(B) −→Mstg,n(pt), whereMstg,n(pt) is the moduli stack of stable exploded
curves with genus g and n marked points. This stabilization map is constructed
in section 4.1 of [23], where it is also shown that Mstg,n(pt) is an orbifold and the
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explosion of the corresponding Deligne-Mumford space relative to its boundary
divisors.
For curves with genus g and n punctures where 2g − 2 + n > 0, the target,
Xg,n(B), of our enhanced evaluation map can be thought of as a fiber-product.
Xg,n(B) Mstg,n(pt)
(E B)n ·/Tn
Construct Xg,n(B) as the quotient stack of a groupoid X˜g,n(B) with objects as
follows.
(X˜g,n(B))0 = (E˜0 B)n ×Mstg,n+(pt)
In the case 2g − 2 + n > 0, define Mstg,n+(pt) in analogy to Mst[γ]+ as the stack of
stable curves in Mstg,n along with an extra choice of point in each of the n ends.
When (g, n) is (0, 0), (0, 1), or (1, 0), define Mstg,n+(pt) to be a point, and in the
remaining case, defineMst0,2+(pt) to be the stack of curves isomorphic to T with an
extra choice of 2 points with distinct tropical part. This Mst0,2+(pt) is canonically
isomorphic to T1(0,∞), and to the stratum ofMst0,4(pt) pairing the 1st and 3rd, and
2nd and 4th ends.
In each case, there is a (partially defined) action of Tn on Mstg,n+(pt), moving
the n extra points. This action corresponds to the action on Mst[γ]+ in the stable
case. For a curve inMst0,2+ , we may fix an isomorphism with T so that the image of
the first extra point in T is before the second extra point. Then (c1, c2) ∈ T2 acts
by multiplying the first point by c−11 and the second point by c2, and is defined so
long as c1/c2 is less than the distance between the image of our points in T = R.
Recalling that there is also a (partially defined) action of T on E˜0 B, let X˜g,n(B) be
the groupoid defined by the (partially defined) action of Tn on (E˜0 B)n×Mstg,n+(pt),
so the morphisms in our groupoid X˜g,n(B) are parametrized by the subset
(X˜g,n(B))1 ⊂ (E˜1 B)n ×Mstg,n+(pt) ⊂ Tn × (E˜0 B)n ×Mstg,n+(pt)
where the action of c ∈ Tn on p ∈ (E˜0 B)n ×Mstg,n+(pt) is defined. The two maps
(X˜g,n(B))1 ⇒ (X˜g,n(B))0 are given by (c, p) → p and (c, p) → c ∗ p. This defines
the groupoid X˜g,n(B). It is also convenient to take the union of these groupoids for
all n and g.
X˜ :=
∐
g,n
X˜g,n
Our evaluation map e˜v extends to the enhanced evaluation map
E˜V : M˜st· (B) −→ X˜ (B)
with
E˜V 0 : Mst·+(B) −→ X˜0(B)
given by e˜v0 on the first factor, and the stabilization mapMst·+(B) −→
∐
g,nMstg,n+
on the second factor (treating Mstg,n+ as a substack of Mstg,2n). This E˜V 0 is equi-
variant with respect to the various (partially defined) Tn–actions, and lifts uniquely
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to the map of groupoids E˜V so that the following diagram commutes.
M˜st· (B) X˜ (B)
∐
n(E˜ B)n
E˜V
e˜v
Letting X be the quotient stack of X˜ , we get the following commutative diagram
of evaluation maps:
Mst· (B)
∐
g,nMstg,n(pt)
∐
n(E B)n X (B)
ev0
EVev
In the case that B is bounded and 2g − 2 + n > 0, Xg,n = Bn ×Mstg,n(pt), and
EV is (the exploded version of) a familiar evaluation map used in Gromov–Witten
theory.
As with ev, we can enhance ev[γ] to obtain EV [γ]. For a vertex v of γ, use the
notation Mst[γv]+(pt) :=
∐
gMstg,n+(pt), where we identify the n edges of γv with
the n labels from Mstg,n(pt). Define
X˜ [γ]0 (B) := E˜
[γ]
0 B×
∏
v
Mst[γv]+(pt) .
Then define
E˜V
[γ]
0 : Mst[γ]+(B) −→ X˜ [γ]0 (B)
as e˜v
[γ]
0 on the first factor, and the cutting map followed by the stabilization
map on the second factor. E˜V
[γ]
0 is equivariant with respect to the (partially de-
fined) T action corresponding to each edge of γ, (acting diagonally by (c, c−1) on∏
vMst[γv]+(pt) in the case of an internal edge of γ) so we can promote X˜
[γ]
0 to a
groupoid and E˜V
[γ]
0 to a groupoid map so that X˜ [γ]1 (B) is a subset of E˜
[γ]
1 (B) ×∏
vMst[γv ]+(pt), and so that the following commutative diagram of groupoid maps
exists.
E˜ [γ](B)
M˜st[γ](B) X˜ [γ](B)
∏
v
˜Mst[γv ](B|ˇv)
∏
v X˜ [γv ](B|ˇv)
E˜V
[γ]
e˜v[γ]
cut ∆˜∏
v E˜V
[γv ]
Passing to quotient stacks, we get the following commutative diagram
E [γ](B)
Mst[γ](B) X [γ](B)
∏
vMst[γv](B|ˇv)
∏
v X [γv ](B|ˇv)
EV [γ]
ev[γ]
cut ∆∏
v EV
[γv ]
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For notational convenience, we shall use the same notation for ∆ and its tropical
completion.
∆: (X [γ]B)ˇ|EV [γ]γ −→
∏
v
X [γv](B|ˇv)
Lemma 5.1. The following is a fiber-product diagram.
(X [γ]B)ˇ|EV [γ]γ E [γ](B)ˇ|ev[γ]γ
∏
v X [γv ](B|ˇv)
∏
v E [γv ](B|ˇv)
∆ ∆
Proof:
Applying tropical completion to the above stacks at the image of γ is equivalent
to applying tropical completion to the corresponding groupoids at the image of
curves with tropical part γ and extra chosen points some fixed location on γ. Al-
though tropical completion at the image of γv does nothing to the stacks X [γv] and
E [γv], applying tropical completion to the corresponding groupoids has the effect
of replacing our partially defined T–actions with honest T–actions. After apply-
ing tropical completion at appropriate points, we get the following commutative
diagram of groupoids
X˜ [γ ]ˇ|a E˜
[γ]
(B)ˇ|b
∏
v X˜ [γv ]ˇ|c
∏
v E˜
[γv]
(B|ˇv )ˇ|d
where all groupoid actions are honest actions of some Tn. This is a fiber product
diagram, because the left side is the product of the right with the tropical comple-
tion of
∏
vMst[γv ]+(pt), at both level 0 and 1. Passing to quotient stacks therefore
gives the desired fiber-product diagram of stacks.
X [γ ]ˇ|EV [γ]γ E [γ](B)ˇ|ev[γ]γ
∏
v X [γv ]
∏
v E [γv ](B|ˇv)

In analogy with our definition of η, define
µ := EV!(q
E)
µˇ|γ := (EV |ˇγ)!(qE)
µ[γ] := (EV [γ ]ˇ|γ)!(qE)
where we only need one dummy-variable, q, because genus is automatically tracked
in X . These pushforwards are defined as in [25] on connected components of X
that are orbifolds. On the other components, define µ to vanish. For W a complex
vectorbundle over Mst• , also define
µ := EV!(q
Ec(W ))
µ(W )ˇ|γ := (EV |ˇγ)!(qEc(W ))
µ[γ](W ) := (EV [γ ]ˇ|γ)!(qEc(W ))
Note that µ[γ] is a refined cohomology class on X [γ ]ˇ|EV [γ]γ , however X [γv ]ˇ|EV [γv ]γv
coincides with X [γv ], and µ[γv] is the restriction of µ to X [γv] ⊂ X (B|ˇv).
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Theorem 5.2.
µ[γ] = ∆∗
∏
v
µ[γv]
and given complex vector bundles Wv on Mst[γv](B|ˇv),
µ[γ](cut∗⊕vWv) = ∆∗
∏
v
µ[γv ](Wv) .
Proof: As in the proof of Theorem 4.8, choose ev[γv]–submersive embedded Kuran-
ishi structures onMst[γv ](B|ˇv), then use Proposition 4.3 to construct a corresponding
embedded Kuranishi structure on
∏
vMst[γv ](B|ˇv) that pulls back to an embedded
Kuranishi structure using cut∗. Let K and cut∗K be the corresponding Kuranishi
categories. Lemmas 5.1 and 4.4 imply that the following is a fiber-product diagram.
cut∗K|ˇγ X [γ ]ˇ|EV γ
K ∏v X [γv ]
EV [γ ]ˇ|γ
cut ∆∏
v EV
[γv ]
The only non-orbifold components of X [γv] concern curves with genus 0, and one
or two ends, all with zero multiplicity. The non-orbifold components of X [γ ]ˇ|EV γ
are the inverse image of non-orbifold components of
∏
v X [γv]. In the remaining
orbifold cases, Theorem 5.22 of [25] applies, and our desired formula follows from
Theorems 5.22 and 6.2 of [25], as in the proof of Theorem 4.8.

Theorem 2.5 allows us to glue together a family of curves in
∏
vM∞,1[γ+v ](pt) to
obtain a family of curves in M∞,1[γ]+(pt). Forgetting the γ–decoration and extra
points on internal edges gives a family in M∞,1·+ . Composing this gluing map with
the stabilization mapM∞,1·+ (pt) −→Mst·+(pt), and pre-composing with the inclusion
Mst[γv]+(pt) −→M
∞,1
[γ+v ]
(pt) gives a map,∏
v
Mst[γv ]+(pt) −→
∐
g,n
Mstg,n+(pt)
compatible with the various (partially defined) actions of T, and in particular,
invariant under the diagonal action corresponding to each internal edge of γ. The
product of this map with i˜[γ] : E˜ [γ](B) −→ (E˜ B)n defines a map of groupoids
I˜ [γ] : X˜ [γ] −→ X˜
compatible with our evaluation maps. Passing to quotient stacks and taking tropical
completion at the image of γ gives a map
I [γ] : X [γ ]ˇ|EV [γ]γ −→ X |ˇEV γ
Lemma 5.3. The following relationship holds between µ and µ[γ]
µˇ|γ =
1
|Aut γ|I
[γ]
! µ
[γ]
(where I
[γ]
! µ
[γ] is defined to be zero on non-orbifold components of X |ˇγ). More
generally, let W be a complex vectorbundle onMst· and let pi∗W indicate its pullback
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under the map pi : Mst[γ] −→Mst· . Then
µ(W )ˇ|γ =
1
|Aut γ|I
[γ]
! µ
[γ](pi∗W )
Proof:
Choose embedded Kuranishi structures and use notation as in the proof of
Lemma 4.9. In this case, we must consider the following commutative diagram.
K|ˇγ X |ˇEV γ
pi∗K|ˇγ X [γ ]ˇ|EV [γ]γ
EV |ˇγ
pi
EV [γ ]ˇ|γ
I[γ]
As in the proof of Lemma 4.9, pi is an |Aut γ|–fold cover. If all components of
the righthand side of the above diagram were orbifolds, our formula would follow
immediately. We need to check that components of pi∗K|ˇγ sent to non-orbifold
components of X [γ ]ˇ|EV [γ]γ do not contribute anything to µ(W )ˇ|γ . If a curve with
tropical part γ is sent to a non-orbifold component of X [γ], some vertex v of γ must
have one or two edges, all with 0 multiplicity, and the stratum of our curve labelled
by v must have genus 0. Within pi∗K, such a curve must be contained in a family
of curves that allows all possible lengths for the corresponding edges. In each case,
there is a T1(0,∞)–worth of choice for these edge lengths that is crunched to a single
point under I [γ] ◦EV [γ ]ˇ|γ , therefore the corresponding connected component of K|ˇγ
does not contribute to µ(W ).
As all connected components of pi∗K|ˇγ that contribute to µ(W ) are sent to orb-
ifold components of X [γ ]ˇ|EV [γ]γ , we may use the formula (EV |ˇγ ◦ pi)! = I [γ]! ◦
(EV [γ ]ˇ|γ)!, and the fact that pi is an |Aut γ|–fold cover to prove the desired re-
lationship.
µ(W )ˇ|γ =
1
|Aut γ|I
[γ]
! µ
[γ](pi∗W )

For curves in a smooth symplectic manifold B, Lemma 5.3 and Theorem 5.2
recover Kontsevich and Mannin’s splitting and genus-reduction axioms of Gromov–
Witten invariants. For example, the genus-reduction axiom may be understood as
follows: The tropical part of B is a single point. The tropical part of an exploded
curve corresponding to a curve in B with a single, non-separating node, genus g
and n punctures is a tropical curve γ with a single vertex, n ends corresponding
to punctures and a single interior edge corresponding to the node. After fixing the
labeling of the n ends, there are 2 automorphisms of γ, the nontrivial one reversing
the interior edge.
The relevant component of X (B) is Xg,n(B) = Bn ×Mg,n, where Mg,n is the
moduli stack of stable exploded curves with genus g and n labeled ends. This may
also be thought of as the explosion of the corresponding Delign-Mumford stack,
M¯g,n; see section 4.1 of [23]. Similarly, the relevant component of X [γv ](B |ˇv) is
Bn+2 ×Mg−1,n+2, and the genus g component of X [γ] is a T1(0,∞)–bundle over
Bn+1 × Mg−1,n+2. This extra T1(0,∞) bundle is created as follows. Take the
(T1(0,∞))
2–bundle over Mg−1,n+2 given by choosing an extra point in each of the
last two edges, and quotient this bundle by the (partially defined) diagonal action
of T multiplying by (c, c−1). This T1(0,∞)–bundle over Mg−1,n−2 is also a Z2–fold
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cover of the stratum ofMg,n corresponding to curves with a single vertex and single
internal edge. The Z2–action swaps the labels of the last two edges in Mg−1,n+2.
In terms of Deligne-Mumford space, the Z2–quotient of this T1(0,∞)–bundle cor-
responds to the C∗–bundle obtained by removing the zero-section of the normal
bundle of M¯g−1,n+2/Z2 ⊂ M¯g,n. When we apply tropical completion, we replace
this T1(0,∞)–bundle with a T–bundle, ToMg−1,n+2.
Our gluing formula is
µˇ|γ =
1
2
I
[γ]
! ∆
∗µ[γv]
stated in terms of the maps
Bn ×B2 ×Mg−1,n+2 ∆←− Bn ×B ×ToMg−1,n+2 I
[γ]
−−→ Bn × (ToMg−1,n+2)/Z2
where ∆ is the product of the identity on Bn with the diagonal B −→ B2 and
the bundle map T oMg−1,n+2 −→ Mg−1,n+2, and I [γ] is the composition of a
projection, pi, crushing the extra factor of B, and a Z2–fold covering map,
ψ : Bn × (ToMg−1,n+2) −→ Bn × (ToMg−1,n+2)/Z2 .
Our gluing formula may be rewritten as follows.
(15) ψ∗µˇ|γ = pi!∆∗µ[γv ]
Taking smooth parts of our maps above gives the following diagram.
Mstg,n(B) Bn × M¯g−1,n+2/Z2 ⊂ Bn × M¯g,n
Bn+1 × M¯g−1,n+2 Bn × M¯g−1,n+2
Mstg−1,n+2(B) Bn+2 × M¯g−1,n+2
d∆e
dpie
dψe
Let Cg−1,n+2 be the pushforward of µ[γv ] in H∗(Bn+2×M¯g−1,n+2) using the smooth
part map, Mg−1,n+2 −→ M¯g−1,n+2, and let Cg,n in H∗(Bn × M¯g,n) be the push-
forward of µ. Konsevich and Mannin’s genus-reduction formula from [8] can be
restated28 as
dψe∗Cg,n = dpie!d∆e∗Cg−1,n+2
which is implied by our gluing formula, (15), because each stage of pushing forward
or pulling back commutes with pushing forward using the smooth part map.
The splitting axiom is proved similarly, except now γ is a tropical curve with 2
vertices connected to one internal edge, and ni external edges attached to the ith
vertex. Now γ has no symmetries (assuming n 6= 0). The relevant commutative
diagram of maps for genus g invariants is below. (The disjoint unions below are
28Actually, the genus-reduction axiom from [8] also keeps track of the homology class of curves,
whereas our formula only keeps track of their ω–energy. In this case, our formula can easily be
upgraded to keep track of homology classes as outlined in section 6.
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over choices of nonnegative integers gi so that g1 + g2 = g.)
Bn ×Mg,n Bn × M¯g,n
Bn ×Mg,n |ˇγ Bn ×
∐
M¯g1,n1+1 × M¯g2,n2+1
Bn+1 ×To∐Mg1,n1+1 ×Mg2,n2+1 Bn+1 ×∐ M¯g1,n1+1 × M¯g2,n2+1
Bn+2 ×∐Mg1,n1+1 ×Mg2,n2+1 Bn+2 ×∐ M¯g1,n1+1 × M¯g2,n2+1
d·e
d·e
ψ
∆
I[γ]
d·e
d∆e
pi
d·e
Our gluing formula, µˇ|γ = I [γ]! ∆∗(µ[γv1 ] ∧ µ[γv2 ]), implies
ψ∗Cg,n =
∑
g1+g2=g
pi!d∆e∗(Cg1,n1 ∧ Cg2,n2)
which is the splitting axiom from [8].
6. Further gluing formulae
We now have two gluing formulae. The first is
ηˇ|γ =
kγ
|Aut γ| i
[γ]
! ∆
∗∏
v
η[γv]
where kγ is the product of the multiplicities of the internal edges of γ, and η and
η[γv] are the pushforward of qE~2g−2+n via the maps
ev : Mst· B −→
∐
n
(End B)n
ev[γv] : Mst[γv](B|ˇv) −→ End[γv] B
and ∆ and i[γ] are natural maps∏
v End
[γv](B|ˇv) End[γ](B)ˇ|ev[γ]γ (
∐
n(End B)
n)ˇ|evγ∆
i[γ] .
Our second gluing formula
µˇ|γ =
1
|Aut γ|I
[γ]
! ∆
∗∏
v
µ[γv ]
involves the pushforward, µ and µ[γv ], of qE using enhanced evaluation maps
EV : Mst· B −→ XB
EV [γv] : Mst[γv](B|ˇv) −→ X [γv](B|ˇv)
and the natural maps∏
v X [γv ](B|ˇv) (X [γ]B)ˇ|EV [γ]γ (XB)ˇ|EV γ∆
I[γ] .
Our first gluing formula follows from Theorem 4.8 and Lemma 4.9, and the
second from Theorem 5.2 and Lemma 5.3. These two key theorems follow from
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the fact that the left two squares in the following diagram become fiber-product
diagrams after applying tropical completion suitably, as in Lemmas 4.4 and 5.3.
Mst[γ](B) X [γ] E [γ] B End[γ] B
∏
vMst[γv ](B|ˇv)
∏
v X [γv ](B|ˇv)
∏
v E [γv](B|ˇv)
∏
v End
[γv](B|ˇv)
cut
EV [γ]
ev[γ]
ev[γ]
∆ ∆ ∆∏
v EV
[γv ]
∏
v ev
[γv ]
∏
v ev
[γv ]
We can also construct gluing formulae keeping track of more discrete information.
Let Xˆ and Xˆ [γv ] be covers of X and X [γv] respectively with lifts EˆV and EˆV [γ] of
our evaluation maps.
Xˆ Xˆ [γv ]
Mst(B) X Mst[γv](B|ˇv) X [γv ]
EV
EˆV
EV
EˆV
[γv ]
Suppose further that there is a lift, Iˆ [γ] of I [γ] as in the diagram below, compatible
with EˆV and EˆV
[γv ]
.∏
v Xˆ [γv ] (
∏
v Xˆ [γv ])×∏v X [γv ] X [γ ]ˇ|EV γ Xˆ |ˇEˆV γ
∏
v X [γv ] X [γ ]ˇ|EV γ X |ˇEV γ
∆
Iˆ[γ]
∆
I[γ]
The following gluing formula then holds,
µˆˇ|γ =
1
|Aut γ| Iˆ
[γ]
! ∆
∗∏
v
µˆ[γv ]
where
µˆ := EˆV !(q
E) and µˆ[γv] := EˆV
[γv]
! (q
E) .
We can also include the contribution of gravitational descendants, as in Theorem
5.2 and Lemma 5.3.
An example of such a lift is as follows: we can lift EV to keep track of the
integral over curves of all closed 2–forms α in Ω2(B), and lift EV [γv ] to record the
integral of αˇ|v over curves.
Of course, we can similarly extend our first gluing formula by suitably lifting ev.
An example of this construction is the use of rim tori in [6], explained further in
[27].
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